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Abstract

In a correlated equilibriumz G KS LI | & S NBisdlireQ@dd By xatiSm, ®iFelatedO G A 2 v &
messages that they receive from an outside source, or mechanism. This allows for more
equilibrium outcomes than without such messages (pure-strategy equilibrium) or with
statistically independent ones (mixed-strategy equilibrium). In an incomplete information
game, the messages may also convey information about the types of the other players,
either because they reflect extraneous events that affect the types (correlated equilibrium)
or because the players themselves report their types to the mechanism (communication
equilibrium). Thus, mechanisms can be classified by the connections between the messages
that the players receive and their own and the other playersCtypes, the dependence or
independence of the messages, and whether or not randomness is involved. These
properties may affect the achievable equilibrium outcomes, i.e., the payoffs and joint
distributions of type and action profiles. Whereas for complete information games there are
only three classes of equilibrium outcomes, with incomplete information the number is 14¢
15 for correlated equilibria and 15¢17 for communication equilibria. Each class is
characterized by the properties of the mechanisms that implement its members. The
majority of these classes have not been described before. JEL Classificatio@72.

KeywordsCorrelated equilibrium; Communication equilibrium; Incomplete information;
Bayesian games; Mechanism; Correlation device; Implementation

1 Introduction

A pure-strategy Nash equilibrium in a complete information strategic game represents a
possible outcome for rational players who do not randomize over actions. Adding the
possibility to randomize extends the set of equilibrium outcomes by facilitating mixed-
strategy equilibria. For a correlated equilibrium, independent randomization devices are not
sufficient ¢ an external correlation device is required. Thus, the set of feasible equilibrium
outcomes expands as increasingly richer mechanisms are allowed. A similar relation
between equilibrium outcomes and mechanisms holds for incomplete information games.
However, the relation in this case is more complex than for complete information games.
This is because the set of equilibrium outcomes implementable by a mechanism depends on
the extent to which its output reflects the LIt | &ypas.EmPlementability may depend, for
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example, on whether the messages that the mechanism sends to the players provide them

with information about the other playersClypes, and on whether messages depend on the
receiverQ type. The former affects the mechanismQ & I 6 A f mahttypeidependentLI S
coordinated actions, and the latter affects its ability to transmit information selectively, that

is, to certain types of players only.

A mechanism may facilitate type-dependent coordinated actions if it is affected by factors

thatalsol FFSOU (ityp&. FdrdxdmpleS WhiBitifer the economy is booming of

slumping may affect both the types of firms that enter an auction and the various

macroeconomic indicators (e.g., the CPI) that these firms factor in when deciding on their

respective bids. By contrast, for selectivity, & 1 yledgeéof 4 KS LJ | &s®dMBR Q G & LIS a
necessary: type-dependent perceptual abilities may suffice. For example, different

recommendations may be issued to unilingual English and French readers simply by handing

out a bilingual sheet with English and French texts that do not match.

A simple, straightforward way to implement type-dependent coordinated actions is to ask
the players to report their types. However, for this to work, the actions have to be such that
truthful type reports are incentive compatible. This requirement defines communication
equilibrium and distinguishes it from correlated equilibrium, which only requires the actions
to be incentive compatible and where communication is one-way ¢ messages from the
mechanism to the players.

The main objective of this paper is to chart the connections between properties of
mechanisms and the kinds of correlated and communication equilibrium outcomes
implementable by them in incomplete information games. These connections form a rich
and intricate structure, and they are not always obvious or perfectly intuitive. The subject
matter is quite different ¢ both in substance and in the relevant techniques ¢ from issues
studied in the context of complete information games. It has some similarity to the problem
of implementability of social choice functions studied in mechanism-design theory, which is
reflected by the similar terminology. However, implementability of correlated and
communication equilibrium outcomes is not a special case of implementability of social
choice functions (see also Kar et al., 2010).

A second, auxiliary objective of the paper is to present a single framework that
accommodates the majority of the previously described varieties of correlated strategies,
correlated equilibria and communication equilibria in incomplete information games, in that
each variety corresponds to a particular set of structural limitations on the allowed
mechanisms. The power of these limitations stems from their effect on the mechanisma Q
ability to orchestrate certain joint actions, make the actions incentive incompatible, or elicit
truthful type reports.

¢ KS LJ LIS NI ais tb3epargte tie inpléminiabil@yjproblem into three
interrelated problems. The first problem is the implementability of correlated strategy
distributions. Here, only the joint distribution of i K S LJtypesa®i MdioRs matters, and
payoffs are irrelevant. The second problem, which does take payoffs and incentive
compatibility into account, is the implementability of correlated and communication
equilibrium distributions. The third and ultimate problem is the implementability of payoff



vectors. The payoffs are uniquely determined by the joint distribution of types and actions,
but not conversely. The advantages of this three-part approach in comparison with directly
addressing the third problem are that it makes certain issues significantly more manageable
and provides insights about the roots of non-implementability where it occurs.

The presentation of the results is divided into two parts. Following the layout of the basic
framework in Section 2, Section 3 gives an overview of the results, mainly in the form of
Hesse diagrams that present the different classes of correlated strategy outcomes,
correlated equilibrium outcomes and communication equilibrium outcomes and the
connections between the various classes. Section 3 also includes several examples that
illustrate the results and the various issues involved. The subsequent four sections give the
details and the proofs, and Section 8 summarizes.

1.1 Related literature

Aumann (1987) demonstrated that correlated equilibrium can be viewed as an expression of

Bayesian rationality.!  NJ { A 2 ychoice of dtibn&efleditihi knowledge of the state of

the world. The state includes a specification of the knowledge of the other players, which

determines theiractions® . @ SaAly NI} GA2ylftAGe YSIya GKIFG St
02 6KFd KS 1y2¢6a 062dzi GKS 20KSNARQ | OlA2yad ! dz
information games; types of players and type-dependent payoffs are not part of the setting.

However, since the state-space formulation is a standard model for Bayesian games, the

paper pointed to the logical next step, which was to merge the two settings by allowing the

states of the world to determine the LJf | &ypeNif dddition to any information that they

posses which may be used for choosing an action. Crucially, this additional information is not

specified by the game ¢ it is part of the solution concept.

Two models of this kind were proposed by Cotter (1991, 1994), which differ from one
another in the restrictions they put2 y (i K S infalfmhti®nSImNasteategy correlated
equilibrium (Cotter, 1991), the additional information takes the form of random messages
that the players receive from an outside correlation mechanism, which is ignorant of their
types. A correlated strategy with such a mechanism is a rule that maps the message each
player receives to a strategy for that player, which is a prescription of a pure or randomized
FOGA2Y F2NJ SI OK The éuilibrikinsconldifion i tatakisg actiotding®y & ®
incentive compatible in that no player can increase his expected payoff by associating
different strategies with the messages he receives. A type correlated equilibrium (Cotter,
1994; see also Samuelson and Zhang, 1989) can be described as a strategy correlated
equilibrium in a version of the game in which each type of each player is an independent
agent. This means that the mechanism sends to each player not a complete strategy but only
the action it prescribest2 (1 KS LJ | & S Mdhiessaheaydhbisidepdn@ohifed ¢
LJt | aypeNdnlike in a strategy correlated equilibrium, but it is still unaffected by the other
LJX I & S NEasequedthyygha L | & S NI sondltigdalliirighendent of the other
LI I & SNB Q3 Ai@3 95 ali K S . [Cifttér staSedlfad thissascylled GodditiSnal
independence property of the joint distribution of types and actions is characteristic of type
correlated equilibria, in that any distribution with this property can be implemented by a
mechanism as above. However, it was later shown that this assertion is incorrect
(Milchtaich, 2004, Example 6).



A different extension of correlated equilibrium to games with incomplete information is

communication, or mediated, equilibrium (Myerson, 1994). This solution concept differs

from those considered above in that communication is two-way. The players first send

private messages to, and then receive such messages from, a particular mechanism, which

thus serves as a mediator as well as a correlation device. According to the revelation

principle (see Myerson, 1994), without loss of generality the messages sent by the players to

the mediator may be assumed type reports. The message that each player gets from the

mediator indicates a particular action for that player. This mechanism in required to be

AYyOSYyiA @S O2YLI GA6ftS Ay GKIFIG A4 Aa Ay SIOK LX |
take the indicated action if all the others do the same.

The most comprehensive account to date of correlated and communication equilibria in

JFYSa 6AGK AyO2YLX S@993)papérinhithéompare®sifatedya C2 NHSa Q
correlated equilibrium, type (or agent normal form) correlated equilibrium, communication

SljdzA £t A NAdzYZ | Yy R W solutéorbcansept yonsiezetl idaiep@gf Qd 6! FATFEK
concerns hierarchies of beliefs.) Bayesian solution is a very general solution concept, which

includes strategy and type correlated equilibria as special cases. It extends an incomplete

information game by introducing a state space in which several states may correspond to a

single type profile. This allows players to have partial or complete information about the

20KSNJ LI I @ SNARQ duisiHg®ventsl! 38 ST 1 deYa ylryooRedzio mpy T O Y2 R
information structure is complemented by a mapping from states to action profiles that is

required to satisfy the obvious incentive compatibility condition. A Bayesian solution may be
implementedbyan2 YY A A OASy i YSRALI (2NE dritis, itdiffelsgda G KS LI |
fromaO2 YYdzy AOF GA2Y SljdZAf AGNARdzY> Ay 6KAOK (KS YSR.
reports.

The messages that the players receive from the mediator are part of the solution concept,

and are distinct from any signals that are part of the game itself and definethe LJf | & S NA Q
types. The potential impact of the former (I K S Y S Ras$agesy dsarils on the degree

of dependence among the latter (1 K S LJtype®. BoNeRa@ple, with perfectly correlated
types, the players already know S I O K yplekvBeN#Ded receivethe Y SRA | (1 2 N &
messages, which can therefore only help them coordinate their actions. Conversely, if the

typS& ' NB AYRSLISYRSy (I GasSnforipRyersabcdtNd@dthery S&aal 3Sa Y
LJ | & S NEdWevér,&his)®ay lge so only if the solution concept allows the messages to
depend onthe 2 (i K §/pées Merefore, depending on the solution concept, garbling, or
randomly perturbing, in a particular way the signals that the players receive as part of the

game may or may not change the set of equilibrium outcomes.! Lehrer et al. (2006)

identified the kinds of garbling that do not affect the equilibrium outcomes for three kinds of
correlated equilibrium in two-player Bayesian games: mixed (Nash) equilibrium, type

correlated equilibrium, and a special kind of Bayesian solution (called belief invariant

Bayesian solution by Forges, 2006), which satisfies a condition similar to the conditional
independence property. They showed, for example, that garbing has no effect on mixed

l¢KAE Faadysa GKIF G (K Sdirddiffect & paiofs but énlysfiect c@éin y 2 i K @8 I
&

STFSOGA@S KARRSY @I NAlFofSaés a2 Gpapoffs. 3 NDEAYI GKS



equilibria, regardless of the payoff functions, if and only if it is performed independently for
each player, that is, without taking into account the other player@signal.

Identification of information types (Milchtaich, 2004) is a special kind of garbling. It removes
distinctions between player types that are interchangeable in terms of their effect on the
LI F @ SNDR&a 2¢y LI &2 T and difigrRay,ioly2navisat tieyknolvséadut 2 G K S NA
the other playersQ  (s.&dé&d8¥ication of information types may transform one kind of
equilibrium into another. For example, a pure (-strategy) equilibrium (with different actions
for different information types) may become a mixed equilibrium (with several possible
actions for the single type that results from the identification). Thus, the collection of pure
equilibria, for example, is not closed under identification of information types. The same is
true for more general solution concepts. For example, this is so for type correlated
equilibrium, since when information types are identified, the conditional independence
property may cease to hold (Milchtaich, 2004, Examples 7). In fact, the narrowest extension
of pure equilibrium that is closed under identification of information types is the notion of
correlated equilibrium used in the present paper (Milchtaich, 2004, Propositions 4 and 5),
which is similar to C 2 NH S &, 2D06pBmydsidncsolution, or global equilibrium in the
terminology of Lehrer et al. (2006). Thus, in this respect at least, this solution concept is not
excessively broad.

2 Preliminaries

2.1 Bayesian games

An & -player (finite) pre-Bayesian gamisafunctiond o6 M M dY 6° p ,where

"Y 'Y Y E “Yandd 6 © E 0O areeach the Cartesian product of ¢ finite

sets and P is the real line. The interpretation isthat i plth8 FE s the set of players for

each player "Qthe sets "“Yand 0 and the function 6 are respectively the type spacg action

spaceand payoff functionof player "Qand for each type profiled o M M N "Yand

action profiled O RIFB RO N 6,6 o is the payoff vector A somewhat more

general possibility is that the type of one of the players represents the state of naturgi.e.,

variables that affect the (real) LIt @ SNBE Q LJ @2 FF & oTdatiplajedNB dzyly26y
Nature, does not take any action, so that his action space must be a singleton.

A pure strategyfor a player (s a function from the playerQ ype space to his action space,
i.e., an element of & . Using some fixed indexing of the (finite) type space,”Y oMM B |,
any pure-strategy can be writtenas & o 8, where, for each 'Qd is the action
prescribed to the "@h type of player "QA pure-strategy profileis an assignment of a pure
strategy to each player, i.e., an element of 0 0 E & ,whichcan be written as

¢ 6> 8 i Pd F8 1B I R 18
A pre-Bayesian game becomes a (finite) Bayesian gamwhen it is coupled with a specified
probability measure on Y which assigns a probability to each type profile 0. This measure —
gives the distribution of type profiles in the game. Its support, O O B-b , which is the

collection of all type profiles 0that have positive probability, may be a proper subset of "Y
However, it is assumed (essentially without loss of generality) that every type 0 of every



player "Gs supported, in the sense that ofd v O O B-D for some partial type profile

o) oMM M MM .Themeasure— canalways be expressed as the distribution
of a random type profilewhich is a random variable’ «  <h<«f8 h< with values in "Ysuch
that

- 0 00« 0h 0ON™8

For example, a random type profile can be constructed by restricting the measure — to its
support and defining <&s the identity map on O O B-b . It does not normally matter which
random type profile is used to express a particular distribution of type profiles, and in this
paper the symbol <end the definite article are used for referring to any random type profile.

For each player "Qthe conditional distribution of #given G K S LJt | &% Mi@rfretdd & LIS
as the posteriorbeliefsof player ‘Q@bout i K S LJ | & TheNdietpretatidn clfails that

each player "(nows his own type 0 but does not necessarily know the types of the other

players.

2.2 Mechanisms

A mechanism for a Bayesian game is an extraneous source of messages®, which the players
receive before they have to choose their actions. The messages that each player "(nay
receive are elements of some finiteset 0 = § K S (redeived iSeNdg@space For each
type profile o, the profile of messages is given by a random variable

OO0 O o0 oMM o withvaluesintheproductsetd 0 0 E O
Thus, a mechanism is specified by a random variable (specifically, a vector whose entries are
indexed by the type profiles and are themselves random ¢ -tuples) O O 0 . thatis
independent of the random type profile «The independence assumption means that, given
the type profile, any residual randomness in the messages is extraneous to the game (see
Section 2.2.1 for further discussion of this point). However, it does not mean that the
messages themselves are unrelated to the type profile. To take an extreme example, if the
mechanismisanoutside2 6 a SNIOSNJ g6 K2 Aa OF LJ of Ss,te¥ FAYRAYy3I 2
messages may fully convey that information:

O o oh @iy ™8 1)

In this example,theY SOK I YA AY A& LlzNBfe& | &a2dz2NOS 2F Ay T2NY
types. Other mechanisms may serve primarily or exclusively as randomization devices, and

convey little or no information about the types. A finer, more exact classification of

mechanisms is facilitated by the following list of properties. Each property is expressed by a

condition that the messages sent by the mechanism are required to satisfy for every player "Q

2 A random variablein this work, is any function from a finite probability space where each point has
positive probability to an arbitrary set. Random variables are denoted by boldface letters and their
arguments are always suppressed. Since the range of a function as above is finite, it would be possible
in principle to restrict attention to real-, or even integer-, valued random variables. However, in
practice such a restriction would be inconvenient.

® The term hessagesCls used here rather than W & As&q/emjihasize the assumption that the sending
mechanism is part of a solution concept rather than the game. $ignalsCn an incomplete information
game are often synonymous with the playera @pes, which are part of the game.



and pair of type profiles6 6h and 0 oM . Thesymbol denotes equality in
distribution

(Y  Player'@a doéshaBaffect the message he receives:
oo O o 8
Y Player @ & do&s hdBaffect the distribution of the message he receives:
O o O o 8
(B) The2 G KSNJ LJ ld@nStiffec@thelm@ska$ flayer Qeceives:
oo O o 8
) ¢ KS 2{KSNJ Hdtnot &fectiibe DistribudidSf dhe message:
0o 0O o 8 (2
(O The messages are non-random:
OO0KF& | RS3ISyS8F (S RA&AGNRAI)ze 2y
(® The messages that different players receive are (statistically) independent:
0O oo oM o0FNB AYyRBLISYRSY Il (4)

Conditions "Yand 0 require equality between two distributions, for specified dand o .

{AYyOS GKS LIXIFI@8SNBQ (eLlSa INB OGdzZtfte NIYyR2YZ
conditionaldistributions. Specifically, "Yentails that the message that player ‘(eceives is

conditionally independent of histype <« 3 A @Sy (KS 2 & KiSphpettyfol € SNE Q & L.
and « are interchanged.

Equality between distributions is a weaker requirement than equality between the random
variables themselves, as required by properties "Y () and ‘O.° The latter means that the
random variables are equal with probability p (equivalently, pointwise equal). The
distinction between equality in distribution and equality with probability p does not seem to
have received sufficient attention in the existing literature on games with incomplete
information. This paper shows that it has significant implications for correlated strategies
and equilibria.

* A distribution is degeneratef all the probabilities are Ttor p.

> For example, if a device satisfies O and the types of all but two players are changed, the distribution
of the message that each of these two players receives does not change. However, the joint
distribution of the two messages may change, for example, uncorrelated messages may become
correlated. By contrast, O would imply that the joint distribution does not change when the other

LI I @ SNR Q G & LIS & buthighly yoBs&ydentill ¢ diffdzence beSaddn O and U also applies
to two-player games. See footnote 16.



2.2.1 Independence lemma and t he canonical mechanism

The definition of mechanism in effect assumes that the randomness or uncertainty regarding
the messages that the players receive has two independent potential sources: the inherent
randomness of the type profile, which the messages may reflect, and residual randomness,
which persists also with a specified type profile. The following lemma shows that this
independence assumption involves no loss of generality. Any joint distribution of types and
messages can be produced by & Y A Ethefafidom type profile <aith a random variable of
the formO 0O o0 . thatisindependent of «The outcome of the mixture is the
random profile of messages 0 <, the value of which is determined by first determining the
realization of fwhich is a type profile 6, and then determining the realization of 0 6 .°

Lemmal.Let0 0 O E 0 beany finite product set and — any probability
measure on"Y 0 whose marginal on "Yis equal to — , the distribution of type profiles.
There exists a random variable O O o .« thatisindependent of the random type
profile such that the joint distribution of @nd 0 «isequal to —.

Proof.For any — as above, it is possible to construct for each type profile 0a random variable
0Oo6 O ol oMM o withvaluesind such that, first, foron O O B-D the
distribution of 0 0 is the probability measure on 0 that assigns to each element & the
(conditional) probability

- om
"
second,
FT2ONOODDM o0al saBB ¥Ry | RRAa2Y 5)
F2N OBSME 2t RaA H2KWa 20K0S " 0OOBH N
and third,
006 « FNB AYRSLISYyRSy (6)

and are collectively independent of «lt follows from the first and third requirements that

00« 0 « & - 60O & - o h ovYanvis
Thus, the joint distribution of @nd O <«isequalto—. ¢

The proof of Lemma 1 details the construction of a specific mechanism O O o « for
any given measure — as in the lemma. This canonicaimechanismis such that the joint
distribution of @nd 0 <« is equal to —, and in addition, (5) and (6) hold. The latter two

®An equivalent definition of the random profile of messagesisC] <« " 4 , where the auxiliary

function”dY 0 © 0 isdefinedby” 0hda o . & 0 ,i.e., itisthe projection of the second

argument on the coordinate specified by the firstone.¢ KA a Fdzy Ol A2y A& (KdzA GKS aO°
two independent ingredients <and O are mixed to produce the actual messages to the players.

" The proof of the lemma allows some latitude in the construction, which means that the canonical
device may actually have more than one version. However, differences between versions are
inconsequential.



special properties may seem purely technical. Property (5) concerns type profiles 0 that
cannot actually occur (thatis, 0 O« 6 ), and (6) concerns relations between different
type profiles, which by definition cannot coexist (since only one type profile is realized).
However, property (6) is quite potent in that it essentially prevents the mechanism from
satisfying "Yor 0, unless it also satisfies O. This is because two random variables that are
equal andindependent necessarily have degenerate distributions. Mainly because of this
limitation, it is not possible to restrict attention to canonical mechanisms. They are,
however, quite useful technical constructs.

2.3 Correlated strategies

With a specified mechanism, a correlated strategy,  , h, B8 h, inan&-player
Bayesian game specifies the action @ that each player "Qakes as a function,, Y 0 © 0
of il KS Ltype d &ntldedmessage he receives & . Thus,&d , o .2 Asindicated,

the messages are part of the specification of the correlated strategy rather than the game.
Their (potential) randomness and that of the types means that the actions are also random.
The random action profileorresponding to a correlated strategy ,, with a mechanism

O O 0 . istherandomvariable = bt B A defined by

+ , 40 «h Q08 @)

Correlated strategies include several other kinds of strategies as special cases. If the
message that each player receives is unaffected by i K S LJbwin &/ bkXhé other
playersQ (i @ndliSaBo non-random, i.e., if the mechanism satisfies "Y 0 and ‘O (which
effectively means that the player does not receive any messages at all), then, for some fixed
a b B,
+ , 40 h Q@68

In this case, for each player "Q, associates a (deterministic) action ¢ with each type 0,
which means that the correlated strategy is effectively a pure-strategy profile, and may be
referred to as such. A more general case is that of a mixedstrategy profilg which is defined
as a correlated strategy with a mechanism that satisfies "YU and "OThese properties of the
mechanism mean that the messages are independent and equal toCl  ¢edd OB h
O 0. where ats any fixed type profile, and the random action profile satisfies

+ , <« o=h <« seiBh <« oe 8 (8)

This is effectively the same as (and it can be implemented by) private randomization over

8 By assumption, the specification of the actions is deterministic: randomized actions are not allowed.
This assumption involves no loss of generality, and in particular, it does not exclude mixed strategies.
It just means that even private randomizations are viewed as parts of a single large device, which may
or may not be a physical entity. As an example of the former possibility, randomization may be
relegated to the device from which the players receive messages. In this case, a player-specific
random number is appended to each message, such that these € random numbers are independent.
Clearly, a device modified in this way does not generally satisfy ‘O, but the modification has no effect
on properties "YiYi) Y or O



pure strategies independently for each player.’ An even more general case is that of a
random(pure-strategy) profile, which is defined as a correlated strategy with a mechanism
that satisfies "Yand 0. The actions can still be presented as in (8), but since property "Gs not
assumed, the randomization cannot generally be emulated by independent private
randomizations.

For a specified correlated strategy ,, with a mechanism O , the joint distribution of the
random type profile <nd the actions = (the latter given by (7)) is called the correlated
strategy distributior(CSD). It is of course possible for several pairs of strategies and
mechanisms to have the same CSD. A CSD is said to be implementableby a particular
mechanism (which implementsthe distribution) if there is somecorrelated strategy with
that mechanism that gives the distribution. A CSD is a pure-strategy distributionmixed
strategy distributioror random-profile distributionif it is implementable by some
mechanism O with properties "YU and O, properties "YU and "Qor properties "Yand U,
respectively.

Every CSD — is a probability measure on Y & whose marginal on "Yis — .*° Hence, it has a
canonical mechanism O O 0 .« (seeSection2.2.1),in which the message space 0 of
each player "0k his action space 0 . The interpretation is that the canonical mechanism
explicitly tells each player which action to take. The canonical strategy, with this
mechanism simply instructs the players to obey, that is, it is defined by

, Ot ah @08 )

The corresponding random action profile is the canonicarandom action profilewhich is
given by

, 40 <«h <« <«Bh <0 <« 0 €8

This equality proves that the canonical mechanism O of the CSD — implements —. Obviously,
a similar equality holds for the canonical mechanism and strategy of everyprobability
measure on 'Y O with the marginal — . Therefore, every such measure is a CSD. This
establishes the following.

Lemmaz2. In a Bayesian game, a necessary and sufficient condition for a probability measure
on"Y 0 to be a correlated strategy distribution is that the marginal on "Yis equal to the
distribution of type profiles.

2.4 Correlated equilibria
Thepla®@ S NB Q A yaBdyefian jaficate embglied by their payoff functions,
6 M B o . For a correlated strategy , with a mechanism O , the payoff of each player Qs

A mixed-strategy profile may also be viewed as a behavior strategfor each player, that is, a
randomized action for each of the playerQa (i & LIS &

1% since the distribution of type profiles is given as part of the specification of the game, a CSD may

also be viewed as an assignment of a probability measure on 0 to every type profile 6, namely, the
RAAUGNROdzOA2Y 2F GKS LI | @whNEs@roitradyifo Begoutsidktbey (1 K S @
support of — ).

10



the random variable 6 <Ii=i= , Where <s the random type profile and =|= is the random action
profile given by (7). The correlated strategy is incentive compatible if none of the players Q
can increase his expected payoff by a unilateral deviation, that is, by changing the function
determining his action from,, to some other function,, Y 0 © 0 .Equivalently,
incentive compatibility means that the action that the correlated strategy specifies for each
player always maximizes the conditional expectation®* of the player@ payoff, given his type
and the message he receives. The latter condition is used in the following definition.

Definition 1. In a Bayesian game, a correlated strategy ,, with a mechanism O is a correlated
equilibriumif the corresponding random action profile =|=is such that, for every player ‘@nd
action @ for that player,

006 #F 0 AdhE <0 <« T8 (10)

If a correlated strategy is a correlated equilibrium, then the correlated strategy distribution
is said to be a correlated equilibrium distributio(CED). A CED is implementableby a
particular mechanism if there is some correlated equilibrium with that mechanism that gives
the distribution. A CED is a pure- or mixedequilibrium distributiorif it is implementable by
some mechanism with properties "Y 0 and ‘O, or properties "Y 0 and "‘Qrespectively. Two
additional kinds of CEDs are defined in Section 3.2.3.

An equivalent definition of CED, which does not explicitly refer to an implementing
mechanism, is given by the following lemma. The lemma is formulated in terms of random
variables (whose joint distribution is the CED) rather than in purely measure theoretic terms.
This is not absolutely necessary, but it makes the formulation somewhat more transparent
and intuitive, and closer in appearance to Definition 1.

Lemmas3. In a Bayesian game, a necessarily and sufficient condition for a correlated strategy
distribution — to be a correlated equilibrium distribution is that some (equivalently, every'?)
pair of random variables « <h<«f8 h« and+ i B = whose joint distribution
is — satisfies

06 #F 0 Wb s ™ @OV 8 (11)

Proof.LetO be the canonical mechanism for —. The canonical correlated strategy ,, with
this mechanism is a correlated equilibrium if and only if it satisfies the condition in Definition
1. Since the corresponding random action profile ={=is the canonical one, i.e.,0 <, that
condition is equivalent to (11). This proves the sufficiency of the condition in the lemma, and
it remains to prove its necessity.

' For a random variable  and a real-valued random variable «, which are defined on the same
probability space, the conditional expectation O « e is also a random variable on that space. It is
constant on every event of the form e @ (where e takes a particular value ¢, and its value there
is'O «s» @, the conditional expectation of «, given that ¢ & The meaning of equalities and
inequalities involving conditional expectations is that they hold with probability p (equivalently, hold
pointwise).

'2 The equivalence holds since whether inequality (11) below holds only depends on the joint
distribution of «nd =
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Every CED is by definition the joint distribution of a pair of random variables <nd =|=such
that the latter is the random action profile corresponding to some correlated equilibrium ,,
with a mechanism O that satisfies the condition in Definition 1. For every player "Qtaking the
condition expectation of both sides of (10), given <«and ={= , gives

000 # 0 4OhE <O <« €€ T8 (12)

Since, by (7), =|= can be expressed as a function of «andO <« the iterated conditional
expectation in (12) is equal to the (single) conditional expectation in (11) (see Shiryaev,
1996, Chapter I, 88). This proves that the condition in the lemma is also necessary for CED. #

A useful immediate corollary of Lemma 3 (which is already established in the first part of the
proof) is that, to check whether a given CSD is a CED, it suffices to consider its canonical
mechanism and strategy.

Corollaryl. A correlated strategy distribution is a correlated equilibrium distribution if and
only if the canonical strategy, with the canonical mechanism, is a correlated equilibrium.

A probability measure —on "Y 0 that satisfies the condition in Lemma 3 is sometimes
referred to itself as a correlated equilibrium (Bergemann and Morris, 2007). Another
reasonable alternative definition of this concept would be a mechanism with which the
canonical strategy is a correlated equilibrium in the sense of Definition 1. Lemma 3 and
Corollary 1 show that these two alternatives are not fundamentally different from the
definition of correlated equilibrium given above. However, this paper emphatically
distinguishes between correlated equilibrium and correlated equilibrium distribution, and
between correlated equilibrium and the mechanism it uses. These distinctions are
instrumental for the LI LI®rid@rg objective of studying the implementability relation
between a correlated equilibrium distribution and a mechanism, that is, the existence of
some correlated equilibrium with the latter that gives the former.

2.5 Communication equilibria

Communication equilibrium differs from correlated equilibrium in that the players self-
report their types to the mechanism. Correspondingly, the incentive-compatibility condition
of correlated equilibrium is augmented by the requirement that a player cannot gain from
being the only one to lie about his type (and, possibly, deviate from the correlated strategy).
ThS NBf Al yOS 2y tirms e nafhanidntimdd prinady doigchldf &
information about the (other) playera @pes to a secondary source ¢ a mediator. The
mediator may be a physical entity, such as a disinterested third party or a piece of hardware,
or it may be a communication protocol, such as a one-shot direct exchange of messages
between two players.™ Effectively, the message exchange in the last example is not limited
to type reports. This is because each player could in principle use a gadget that takes a type

13 The question of how, and to what extent, can unmediated communication between players replace
a mediator or a correlation device lies outside to scope of this paper. This question has been
extensively studied, for both complete and incomplete information games. See, for example, Forges
(1990), Ben-Porath (2003), Gerardi (2004) and references therein.

12



asinputandoutputs it KS NB |lj dzA NB R Y Sralisidualgadgets ¢olthen e | @ S NB& Q
viewed collectively as a single mechanism, in the sense of the definition in Section 2.2.

When a correlated strategy,,  , h, B8 h,  with a mechanismO is used, a player "Chas

an incentive to lie about his type if he can increase his expected payoff by misreporting it as

some type 0, thereby changing the (random) messages sent to the players to fromd o,

whered OF isthe true type profile,tod0 6 R . Player "Gnay be able to take

advantageof i KS NB adzt GAy 3 OKI y3S byafering tkeSule2hat K SNJ LI | & S NE
determines his response to the messages the mechanism sends him, from,, to some

, Y 0 © & .Theresulting random action profilef 4 Rk B R is given by

+ , <40 oh« h F , <40 oh«a h Q@06 B (13)

Communication equilibrium is defined by the requirement that, regardless of player @ &  { NXHzS
type, misreporting it in the above mannercannotA y ONB I 4 S (G KS LX L &8 SNR&a SELIS

Definition 2. In a Bayesian game, a correlated strategy ,, with a mechanismO is a
communicatiorequilibriumif, for every player "Qtype 0 for that player and function
., Y 0 © 0,

00 # 0 %F s« Tmh
where fand $ are given by (7) and (13).

An extension of the revelation-principle argument used in the first paragraph of this
subsection shows that the set of possible communication equilibrium outcomes would not
change if players were allowed to send to the mechanism arbitrary (rather than just type)
reports, possibly determined by private randomization. For a player “®f type 0, such a
report would be described by a random variable » o with values in some finite (say) set
'Y &rocessing the reports would NB |j dzA NB | ndegh&hign® WikcH adsinSt&each
possible profile of reportsi 1 A A ~'Y Y E 'Y arandom profile of
messages 0 i , which are sent back to the players. The action & for each player “Qvould
then be determined as a function,, by i K S LJtype &,3hBld@pdrti he sent to the
mechanism and the message & he got in response:

“» , ohim 8
The reason this setup is in fact no more general than the one described above is that there is
a correlated strategy ,, with a énhormalé mechanism that produces identical actions.

Essentially, the mechanismA y G SNy I £ AT S& G KS LBoreaeh$ypkpi@fileNS LJ2 NI A y 3
0, the random message that the mechanism sends to each player “(s the pair

»Oo0 M »o0hr oMo 8

The correlated strategy , then determines @ & | a®aifunciofi of his type 6 and the
message i hx  he received according to

, Ohi o , O 8

Itis a simple, and standard, exercise to show that if with the generalized mechanism none of
the players “@an increase his expected payoff by changing » 0 .« (which specifies the
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report player "®ends) and/or,, (which specifies his response to the mechanismQa Y Saal 35
then the correlated strategy ,, with the & y" 2 NJvidcHarism described above is a
communication equilibrium in the sense of Definition 2.

A similar argument, which is also part of the revelation principle, shows that, in every

Bayesian game, the set of communication equilibrium outcomes would not change also if

the messages that the mechanism sends to the players were required to be concrete action
recommendations rather than arbitrary objects (see Myerson, 1994). If a correlated strategy
distribution is a communication equilibrium distributigfMED), that is, if it is the CSD of

some communication equilibrium, then there is some mechanism in which the message

ALl 0Sa O2AYyOARS gAlK (KS,anBithwiSchHthelcaidicalJt | @ SNE Q |
strategy of obeying the received message is a communication equilibrium that gives the

MED. However, this does not mean that attention can be restricted to communication

equilibria of this kind. As for correlated equilibria, such a restriction would be inconsistent

with the goals of this paper, since it might affect in an unwarranted way the properties of

the implementing mechanisms. For example, suppose that two players base their choice of

actions on their own type and the type report that they receive from the other player. To
implement this, it suffices to use a mechanism with property “Y which simply transmits the

reports. However, the same would not be true if the mechanism were also required to

indicate S I O K  LafttraléacBdiIisce the actions depend on the playersQ 2 & \§,it G & LIS
would be impossible to maintain property Y More generally, the properties of the

mechanism should only describe the properties of the communication channels available to

the players (which may or may not involve a mediator). The way the players use these

channels is expressed by a different entity, which is their correlated strategy.

3 Overview of Results
This section summarizes the main results in this paper and illustrates them by examples. The
results are described in greater depth and detail in Sections 4, 5, 6 and 7.

3.1 Attributes of correlated strategy distributions

The six properties of mechanisms described in Section 2.2 are not independent. Property "Y
implies "Y 0 implies 0, and ‘O implies "OTherefore, for each of the three pairs, a mechanism
may satisfy both properties, only the second one, or none of them. Altogether, there are

(o )¢ yossibilities. This classification of mechanisms induces a classification of
correlated strategy distributions. Each CSD has or does not have the attribute that it can be
implemented by a mechanism with a particular property, or more generally a set of
properties V . For example, a CSD is “Yimplementabldf it is implementable by some
mechanism with property "Yand it is "YU -implementabl&* if it is implementable by some
mechanism that has both property “Yand property 0. The various attributes of CSDs are not
independent. For example, "YU -implementability implies "YU -implementability, since "Yis a
more stringent requirement than “Yand it is implied by "YO Fi@mplementability, which
involves the additional requirement that the implementing mechanism also satisfies "OA

' Since it is the setof properties that matters, and not their order, "YO -implementability might be a
better notation. However, for the sake of readability, the curly brackets are omitted.
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natural question, for each of these implications, is whether the reverse implication also
holds, so that the two attributes are actually equivalent. As the Hesse diagram in Figure 1
shows, the answer is affirmative for "Y0 - and "Y0 -implementability (which are equivalent)
but negative for "YU - and "YU i@mplementability (which are not equivalent). Thus, every
CSD that is implementable by some mechanism that satisfies “Yand 0 is also implementable
by a mechanism that satisfies “Yand U (and vice versa), and there is some such CSD in some
Bayesian game that is not implementable by any mechanism that also satisfies 'O

As Figure 1 shows, there are not 27 but only 7 distinct (i.e., nonequivalent) attributes of
CSDs that can be defined in terms of the properties of the implementing mechanisms. Each
can be described in several equivalent ways by using different combinations of properties.
For example, “Yimplementability and “Yimplentability are both equivalent to the attribute of
simply being a CSD, which is denoted in Figure 1 by the empty set (of properties of
implementing mechanisms) . Thus, the limitations that these two properties put on the
implementing mechanisms are inconsequential. Note that the seven attributes of CSDs are
not all comparable. That is, some attributes do not imply and are not implied by certain
other attributes.

Additional attributes of correlated strategy distributions in Bayesian games may conceivably
be defined by conjunction. For example, a CSD may be both U -implementable and O
implementable. A natural question is whether this is equivalent to ( HO-implementability.
More generally, if there is some implementing mechanism with a particular set of properties
and another mechanism with some other properties, does it follow that the CSD is
implementable by a single mechanism that has all the properties of the other two? Lemma 5
in Section 4 answers this question in the affirmative. An immediate corollary of this result
(see Section 3.4) is that conjunctions do not in fact define new attributes of CSDs.

3.1.1 Intrinsic characterizations

Each of the seven attributes of CSDs in Figure 1 can also be characterized intrinsically that is,
without explicitly referring to implementing mechanisms. The significance of intrinsic
characterizations is that they may make it easier to check whether a particular distribution
has a particular attribute. Lemma 2 may be viewed as an intrinsic characterization of the
weakest attribute, which is simply being a CSD (I in Figure 1). The following proposition
characterizes the strongest attribute, which is being a pure-strategy distribution (VII in
Figure 1), as well as the attribute of being a mixed-strategy distribution (V in Figure 1).

Proposition1. A correlated strategy distribution in a Bayesian game is a mixed-strategy
distribution if and only if it is the joint distribution of a pair of random variables «
<h«fB h« and+ Fh:MB M suchthat

(i) Foreach pIayer"Q={= and « ﬁ=|= are conditionally independent, given <«

A correlated strategy distribution is a pure-strategy distribution if and only if it satisfies the
stronger condition in which (i) is replaced by

(i) Foreach player “Qthe conditional distributionof @ a | =|é giverghig type < is
degenerate.
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Figurel. Hesse diagram of the differerattributes of correlated strategy distributions (CSDs) in Bayesian
games ordered by implication An attribute is represented by a box containing its esqailent definitions, each
of which is a set of properties possessed by somechanisnthat implements the CSD. Two sets in the same
box identify mechanisns that implement exactly the same CSDs. For those in different boxes, the
implementable CSDs are diffent. A line segment connecting two boxes indicates that the loveiribute
implies the upper one but the reverse implication does not hold.

In other words, pure-strategy distributions are characterized by the property that if a

LX I @ SND& G & itelSno Ainertdingy 8bduyhis actiok Blixed-strategy distributions

are characterized by the property thatif |~ LJ I & S NI &, hisiaétibdRloed\nat adpl y 2 &
Fyed AYTF2NXI GA2Y | ypRsdatactichdPropditiknd Nprawdidineé S NB Q
Section 4.

The next proposition characterizes random-profile distributions (lIl in Figure 1). The
characterizing property is the existence of a probability measure * on 0 0 E ©
that satisfies a certain condition. Such a measure assigns a probability to each pure-strategy
profile ¢ hid M8 My hid M B Mo hid M8 (see Section 2.1). For each type profile

0 oMM thereisacorresponding marginal measure* ond 6 E 6,
which assigns to each action profile &> & Fto F8 fd  the probability that the actions

' For an extension of this result to games with a random number of players, see Milchtaich (2004,
Theorem 2).
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(14)

x

CooMMBRHRBE KB Yo 6 E & & hd B & 8

The proof of the following proposition is given in Section 4, and it is illustrated by Example 1
below.

Proposition2. A correlated strategy distribution — is a random-profile distribution if and only
if there is a probability measure * on 0 0 E 6 suchthat

g - 0 ' & hov YN of
where — is the distribution of type profiles and * is the marginal measure defined by (14).

A random-profile distribution is not necessarily a mixed-strategy distribution. Therefore, by

Proposition 1, it may not have the property i K & A F | LX F@SNQRa deLlsS Aa 71
not add any information about i K S 2 K Sypds eJactiods Sidlde\v@r, a random-
profile distribution always has the weaker propertythat, A ¥ | LJX I @ SNRa GeLlS ArAa |

action does not add any information about the other playersCtypes (but may say something
about their actions). This property can be expressed formally as follows (Forges, 1993).

Definition 3. A correlated strategy distribution — has the conditional independence property
if for some (equivalently, every) pair of random variables <nd =|=Whose joint distribution is

—, the action =|= of each player "@nd the types « of the other players are conditionally
independent, given '@ own type <«

The conditional independence property is not, however, unique to random-profile
distributions. As shown by the following example (which is based on Example 6 in
Milchtaich, 2004; see also Lehrer at al., 2010, and Forges, 2006), even for two-player games
the two conditions are not equivalent.'® Whereas being a random-profile distribution (which
by definition means " -implementability) is equivalent to § -implementability, it is shown
by Proposition 3 in Section 4 that the conditional independence property is equivalent to the
weaker attribute of 0 -implementability (equivalently, ™) -implementability; Il in Figure 1).

Examplel. A correlated strategy distribution with the conditional independence property
that is not arandom-profile distribution.The two playersina ¢ ¢ Bayesian game have
identical action spaces,0 O ORY , and identical two-element type spaces,

Y Y ph p . The four type profiles are equally probable, so that types are
independent. (Independence is not a crucial assumption. It would suffice to assume that all
type profiles have positive probability.) A correlated strategy distribution is defined as

follows: (i) If both players have type p, the action profile is either OR) or "YRY , each

“Forgeséo Mdpho U | YR/ @dstibrtiaddie two progpettiesiare gfulzalent is mistaken.
The mistake was corrected in Forges (2006). As explained below, the non-equivalence reflects the
difference between properties 0 and U of devices.
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with probability T@®, and (ii) if the type profile is any of the other three, the action profile is
either ORY or "YR , each with probability T@.

This correlated strategy distribution has the conditional independence property, since for
each type profile, each player takes action 0 with probability T&. However, this is not a
random-profile distribution. This can be proved by assuming that a measure * on pure-
strategy profiles as in Proposition 2 exists, and showing that this assumption leads to a
contradiction. Since, by (i), there is zero probability that the players take identical actions
when the type profile is different from  ph p ,* must, in particular, assign zero
probability of any pure-strategy profile of the form "YARRAY , zAYNY&A or zRR) , where
a wildcard action z can be either 0 or 'Y. The same must therefore be true for any pure-
strategy profile of the form "Y&NYA , which necessarily also has one of the above three
forms. However, this implies that there is zero probability that both players play Y when the
type profileis  ph p , which contradicts (i).

Intrinsic characterizations for the remaining two attributes of CSDs (IV and VI in Figure 1) are
given by Proposition 4 in Section 4.

3.2 Attributes of correlated equilibrium distributions

A correlated equilibrium distribution in a Bayesian game is also a correlated strategy
distribution but the converse is not always true. However, since every correlated strategy
distribution can be made a correlated equilibrium distribution simply by replacing the payoff
functions by constant ones, the number of distinct (i.e., nonequivalent) attributes of CEDs
that can be defined in terms of the properties of the implementing mechanisms is not
smaller than for CSDs. In fact, as Figure 2 shows, the number is significantly larger: 14 or 15
instead of 7. This reflects the fact that the classifications of CEDs can be viewed as consisting
of two layers: (i) the classification induced by the different attributes of CSDs, and (ii) the
refinement that results from also taking into account the incentive compatibility
requirement (expressed by Lemma 3). Thus, two CEDs in a Bayesian game may differ (i) in
that even as CSDs they require different kinds of implementing mechanisms, or (ii) only in
that different kinds of implementing mechanisms are compatible with the equilibrium
condition. This is a useful distinction, which seems to be lacking in the existing literature on
games with incomplete information.

Where the equilibrium condition is effectiveA & (G KS 02y ySOilAz2y o06SGsSSy |
the messages he receives, i.e., properties “Yand "Yof the mechanism. For CSDs these
properties do not make any difference, as can be seen in Figure 1, but this is not so for CEDs.
For example, as can be seen in Figure 2, for CEDs the three attributes of simply being a CED,
“Yimplementability and "Yimplementability (I, I, and I, in Figure 2) are not equivalent. Thus,
there are CEDs in some Bayesian games that cannot be implemented by any mechanism
satisfying “Yand there are CEDs that are implementable by such a mechanism but cannot be
implemented by any mechanism with the stronger property “Y The following two examples
present such CEDs. Note that these examples, like the other ones in this subsection and
Example 1, concern two-player games. Therefore, the Hesse diagrams in Figure 1 (CSDs) and
Figure 2 (CEDs) apply to two-player Bayesian games as well as to the general, € -player case.
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Figure2. Hesse diagranof the different attributes of correlated equilibrium distributiong CEDsin Bayesian
games ordered by implicationAs inFigurel, eachattribute is represented by a box, and an implication
relation is represented by a linéA conjunction symbdl means that the CED is implementabbeth by a
mechanismwith one property and by a mechanismsatisfying the othemproperty. The line marked? represents
an uncertain relation it is not known whether the reverse implication also holds (in which case the two

connectedboxes should be coalesced)

Example2. A correlated equilibrium distribution that is ndimplementableln a symmetric
¢ ¢ game with the game structure and distribution of type profiles described in Example 1,
the two players always get equal payoffs, which for a type profile 6 b are given by the
payoff matrix

0 Y
0 00 m 8
Y T coo
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Thus, depending on the type profile, 0 or "Yis a dominant action for both players. The
message that each player receives is a type profile. For both types of player 1 and for type

p of player 2, this type profile is the real one 0 hd . However, for type p of player 2, the
message is always  ph p . With this mechanism, the correlated strategy that instructs
each player to choose the dominant action for the type profile specified by the message he
receives is a correlated equilibrium. Types pand p of player 1 and type p of player 2
clearly cannot do any better than playing according to the strategy, which gives them the
expected payoffs p, a¥¢ and of¢, respectively. The same is true for type p of player 2,
whose expected payoff would decrease from p to pA¢ if he switched from his (constant)
action'Yto 0.

The mechanism described above does not involve randomization, and thus has property ‘O,
but it does not satisfy “Y In fact, the corresponding correlated equilibrium distribution is not
implementable by any mechanism with the latter property. Specifically, it is not
implementable by any mechanism for which, for each type of player 1, the message that
player 2 receives is (statistically) independent of his own type. To see this, suppose that such
a mechanism exists, and let @& and & be some specific messages that player 2 receives
with positive probability (which is the same for both types of that player) when player 1Q a
typeis pand p, respectively. The two messages cannot be identical, for otherwise type

p of player 2 would receive this message with positive probability bothwhen 1Q & G &pLJS A &
and when the type if p, which is inconsistent with the fact that (according to the above
distribution) with probability p he plays 'Yin the former case and 0 in the latter. Therefore,
everysucha and a must be distinct, which implies that player 2 can always tell by his
message the type, and hence also the action, of his opponent. However, this is inconsistent
with incentive compatibility, since it implies that, by choosing the same action as the
opponent, type p of player 2 could increase his payoff from p to o¢. This contradiction
proves that the above correlated equilibrium distribution is not implementable by any
mechanism satisfying Y

Example3. A correlated equilibrium distribution that ¥ but not“YimplementableThe

game is the same as in Example 2. A correlated equilibrium distribution in this game is given

by Table 1, which specifies the (conditionald RA &G NA o dziA2y 2F (GKS LI I @ SNE
each type profile. As seen in the table, the marginal distributions, i.e., the probability that a

player of a given type plays 0 or Y, depend only on the 2 LILJ2 Y $9pg. {Seeéifically, O has

probability 0.75 or 0.5 if the type of the opponentis por p, respectively.) Therefore, a

mechanism that randomly chooses an action profile ¢ R according to the probabilities
O2NNBALRYRAY3A (2 KSandiepord S tdRplayer taGdiioded £ (& LIS LINRF
player 2 has property “Y The correlated strategy of acting according to the messages is a

correlated equilibrium; it is not difficult to check that a player can never increase his

expected payoff by deviating to the other action. It is also true, but less easy to check, that

the CED in Table 1 is not implementable by any mechanism that has the stronger property Y

In fact, it takes a computer to check this. Although the problem is a standard linear

programming one ¢ it needs to be checked that a particular system of linear equalities and

inequalities does not have a solution ¢ the number of variables and equalities/inequalities

involved (at least 256 and 20, respectively) is far too great for manual calculations.
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Player 2

Type p Type p
0 Y 0 Y
Type p 0| 075 0 075 7Y 0.25 025 |05
Y 0 0.25 025 ©O 0.5 0 0.5
Player 1 0',‘75 0235 0',‘75 0255
0 0
Type p 1] 0.25 0.5 075 7Y 0 0.5 0.5
Y| 0.25 0 025 ©O 0.5 0 0.5
0.5 0.5 0.5 0.5

Tablel. A correlated equilibrium distribution folExample3. The four type profiles are equally probable. For
each of themthe joint distribution of player 1Q @nd player R actions (which can bé or=| ), as well as the
marginal distributions, ae given

Some intuition'” about why a mechanism with property “Ycannot implement the CED in
Table 1 can be gained by considering two conceivable mechanisms with this property. The
first mechanism generates the messages by randomizing over pure-strategy profiles
according to a suitable distribution and then recommending to each player the action that

his pure strategy specifies for the oLJLJ2 y @cfual type. InthA & g 83 | LI I @ SNR& 26

does not affect the message he receives. This mechanism fails on a very basic level: it cannot
implement the distribution in Table 1 even as a correlated strategy distribution. The problem
is similar to that in Example 1, and it does not involve incentives (i.e., payoffs).

The second conceivable mechanism for the CED in Table 1 has property “Yby virtue of
sending as a message to each player not a single action but a pure strategy, and leaving it to
the player to choose the action corresponding to his actual type. (Such a mechanism is used
in the proof of Proposition 5 below.) Specifically, the mechanism first chooses action profiles
according to the probabilities specified in Table 1, independently for each of the four type

LINEFAE Sa0® ¢KSYyS ol 48R 2 ¢ Kibls et 1dBME Q | Oh dzt £

action for the type profile  phd and his action for  phod , and similarly for player 2. If

the players use the messages in the intended manner, i.e., take the first or second action if

their typeis por p, respectively, then the action distributions for the four type profiles

are indeed as in Table 1. However, this correlated strategy is not a correlated equilibrium.

The reason is that the double message conveys too much information about the opponentQ a
type. By assumption, the prior probability that player 2 has type p is T@. By BayesQule,

the posterior probability that 2 has that type given that player 1 plays 0 is 1. Thus, telling

player 1 which action he should take giveshim&a 2 YS Ay F2NX I GA 2y | 0 2 dzi
much information, in that taking the action is still optimal for him. (As indicated in the

previous paragraph, telling the players onlythe actions they should take cannot be

implemented by a mechanism that satisfies "Y) A double message as above amounts to two
independent draws from the same unknown distribution, which are more informative about

the underlying distribution than a single draw. For example, telling player 1 that he should

play O whether his typeis por pincreases the (posterior) LINR 6 6 A f A (& pi KI
to almost 0.7. This probability is greater than 2/3, which implies that, regardless of the

actions the two types of play 2 take, "Yis the better action for type p of player 1. Thus, a

player may deduce from the additional information conveyed by the double message that

' Note that this is not meant to be an outline of a proof.
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his expected payoff from taking the action he is supposed to take is actually less than for the
alternative action.

Examples 2 and 3 illustrate a point of general significance. The reason “Yand "Yaffect
implementability of CEDs is that these properties may entail inability to restrict messages to
certain types of players only. This is not a problem for correlated strategies, where
information cannot do any harm, but it may be a problem for correlated equilibria, where
incentive compatibility matters. However, as can be seen in Figure 2, whether this is actually
so depends on the other properties of the mechanism. For example, for U -implementable
CEDs (Il in Figure 2), requiring that the implementing mechanism also satisfy “Yor "Ydoes not
make any difference.

3.2.1 Attributes inherited from correlated strategy distributions

Since a correlated equilibrium distribution in a Bayesian game is in particular a correlated
strategy distribution, it has as such one or more of the attributes in Figure 1. However, a CED
that as a CSD has the attribute that it is implementable by a mechanism with a particular set
of properties is not necessarily implementable by such a mechanism as a CED. That is, it may
be impossible to find a suitable correlated strategy with that kind of mechanism that is also
a correlated equilibrium. For example, the CED in Example 2 is not "Yimplementable even
though it is “¥implementable as a CSD (since this is so for every CSD; see Figure 1). However,
as the following theorem shows, this kind of discrepancy between the two notions of
implementability only arises when properties "Yor “Yof mechanisms are involved. Since the
other four properties of mechanisms defined in Section 2.2 are sufficient to characterize all
the attributes of CSDs in Figure 1, this means that a CED has attribute I, I, lll, IV, V, VI or VII
in Figure 2 if and only if, as a CSD, it has the similarly numbered attribute in Figure 1. Thus,
for example, a CED is a pure- or mixed-equilibrium distribution if and only if is a pure- or
mixed-strategy distribution, respectively. The proof of the theorem is given in Section 5.

Theorem1. Fory P ) ROHQ, a correlated equilibrium distribution is implementable by a
mechanism with all the properties in V if and only if it satisfies a similar condition as a
correlated strategy distribution.

It follows from Theorem 1 that the intrinsic characterizations for the seven attributes of
CSDs given in Section 3.1.1 and (Propositions 3 and 4 in) Section 4 also apply to the
corresponding attributes of CEDs. For example, a CED is U -implementable (attribute Il in
Figure 2) if and only if it has the conditional independence property. An intrinsic
characterization for the very attribute of being a CED (I in Figure 2) is given by Lemma 3,
which says that a CSD is a CED if and only if it satisfies a certain incentive-compatibility
condition (for distributions). It follows that, for example, an 0 -implementable CED can be
(intrinsically) characterized as a CSD that satisfies the incentive-compatibility condition and
has the conditional independence property.

3.2.2 Attributes defined by conjunction

A significant difference between attributes of CSDs and those of CEDs concerns the effect of
conjunctions. As indicated in Section 3.1, if a CSD that is implementable by a mechanism
with one of the properties in Section 2.2 is also implementable by a mechanism with
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another property, then it is implementable by a single mechanism that has both properties.
It follows from Theorem 1 that this remains true for CEDs as long as the properties
concerned are not “Yor “Y However, as the following two examples show, this is not so in
general. The first example presents a CED that is implementable by a mechanism with
property “Yand by a mechanism with property ‘O but is not implementable by any
mechanism with both properties. The second example replaces O with “O

Exampled. A correlated equilibrium distribution that ¢ and as well asO-implementable
but not"YiO-implementableln a two-player Bayesian game, player 1 has two types, o and
0 , and two actions, 0 and Y. Player 2 has three types, 0 , 0 and 0 , and only one action, 0.
All type profiles except © fd may occur, and they have the same probability (pZv). If
player 1 plays Y, the payoff to both players is T@. If he plays 0, the payoff vector is
determined by the type profile according to the following table:

0 0 o]
o |.M  pm Tip
o |om mm miw

The lowest possible expected payoff for player 2 in this game is 1. As shown below, there
is a unique correlated equilibrium distribution with this payoff, and this CED is both 'O
implementable and "Yi@mplementable but it is not even "YiO-implementable.

A = LA X

C2NJ LJX I @ SNJ nQa SEpla@dshSuil playdly i€ addfodly if ihe typd @ofile

is 0 M . Consider the implementing mechanism with property ‘O (i.e., no randomization)

that sends to player 1 the message 'Y if the type profileis o fd  and otherwise sends .

The correlated strategy in which player 1 follows the mechanismQa Ay a i NdzOG A2y a A
correlated equilibrium, since it always gives maximum payoff to type 0 of player 1 and gives

0 (whois always instructed to play 0) an expected payoff of p, which is greater than the 1@

he would receive from playing Y. Another mechanism, with properties “Yand "Qthat

implements the same CED is a mechanism that sends to player 1 the message 0 or Y if

player 2 has type 0 or 0 respectively, and sends either message with probability p#¢ if the

type is O . The correlated strategy in which player 1 follows the mechanismQa Ay & (i NUzOUG A 2 vy &
his type is 0 but always plays 0 if the type is 0 is a correlated equilibrium, with the same

CED. This is because the message that type 0 of player 1 receives does not affect the

LINPOFOoAfAGE GKIFG KS | & &hicHiypdoregaddlessdifthed SN H Q& & LIS
received message.

Q)¢

It remains to show that any mechanism with properties “Yand ‘O cannot implement the
above CED. The message that player 1 receives from a mechanism with these properties
mustbel Fdzy QG A2y 23ByaLJd | & & NOthe ©p@ is di, & laie & |
respectively. To implement the CED, in which the action that type 0 of player 1 takes
RSLISYRA 2y ¢ KS (i KOS,k Bebbigy/(2 inusth&differénéfrodsa A a
Therefore, one of these, say & , must also be different from & . But this means that the
mechanism effectively tells LIt I @ SNJ m ¢ K STferefor@,&n any ércdEtedA a
equilibrium with that mechanism, player 1 plays (his payoff-maximizing action) Y, and not 0,
when the type profileis 6 b .
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Player 2

Type p Type p
0 Y 0 Y
Type p .U 2 0 2/3 'i) 0 0 2/3
Y 0 1 /3 Y 1 0 1/3
Player 1 1{2 1<(2 1{2 1<{2
0 0
Type p !’L‘) 0 0 1/3 '(‘) 0 0 1/2
Y 0 0 2/13 'Y 0 0 1/2
1/2 1/2 1/2 1/2

Table2. A correlated equilibrium distribution for Examplg. The four type profiles are equally probable. For

each of them, the actions that players 1 and 2 take are independent. The probabilities that these actiork are
or{ aregivenat the margins of the correspondingoox. The numbers insidéhe boxt NS LI F @ SNJ mQa

Player 2alwaysgetspayoff .

Example5. A correlated equilibrium distribution that'i¥ as well as@mplementable but not
“Yi@mplementable The game structure and distribution of type profiles are again as in
Examples 1, 2 and 3. The payoff matrices of player 1, one for each type profile, are shown in
Table 2. Player 2 has the constant payoff function 1. A mechanism with property ‘@andomly
chooses an action for each player for each type profile according to the probabilities shown

in Table 2, such that these eight choices are independent. It then tells each player the action

LI €2 FF:

OK2aSy F2NJ KAY F2NJ GKS | Oldzrtf GeLIS LINRPTFA{SD ¢K

a correlated equilibrium. The reason is that a change of action by player 1 may affect his
payoff only if his type is p and (i) player 2 has type p and he plays 0, (ii) player 2 has type
p and he plays Y, or (iii) player 2 has type p and he plays 0. The effect in case (i) has the
opposite sign and twice the magnitude of the effect in the other two cases. Since (i), (ii) and
(i) always has equal conditional probabilities, given that the type of player 1is p and given
his action, this means that the conditional expectation of the gain from changing action is

always zero.

The same CED is implementable by a mechanism with property Y The mechanism first
chooses two pairs of actions, ® ® K and® & hd . The pairs are chosen
is pA, p1¢, pFoand pXg, respectively, and for & the corresponding probabilities are p¥o,
p¥o, pFeand pZ@. Then, for each type profile 6 6 Fd , the mechanism chooses an action
@ for player 2, with probabilities (for Y and 0) that depend on (both 0and) & (that was
chosen in the first stage). Specifically, the probability that © 0 is pAg unlesso ph p
and (i) ® OFD , in which case the probability is pZt, or (ii) ¢ ORY , in which case the
probability is ot . Finally, the mechanism sends messages to the players, which depend on
the choices made in the first two stages and on the LJt I &aQusllyge profiled o h .

The message to player 1is orcd A ¥ H Qapoi &ldSpeckivdly, and the message to
h

player 2 is the pair of actions @ "R
own type. It is not very difficult to check that the correlated strategy specifying that each
player chooses the first or second action in his message if his typeis por p, respectively,
gives the CED described above. For example, if 0 ph p , the action profile is

& R " whichis ORY, DAY, 'Y or "YAY with probability p¥a, p¥o, pFe and
pX, respectively. Therefore, the LIt | &a&idhFac2 independent and are distributed as
specified at the margins of the top-left box in Table 2.
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To show that the above correlated strategy (with the described mechanism with property Y
is a correlated equilibrium, it suffices to prove that, given that the type of player 1is p and
given the message he receives (which canbe 0R) , ORY, "YA) or 'YRY ), the conditional
probabilities of the following three events are equal: (i) player 2 has type p and he plays 0,
(ii) player 2 has type p and he plays Y, and (iii) player 2 has type p and he plays 0. As
indicated above, such equality means that player 1 is indifferent between his two actions.
The equality can be viewed as the conjunction of two equalities: (a) events (i) and (ii) have
equal conditional probabilities, which are necessarily one-half the conditional probability
that 0 p, and (b) the latter is also equal to twice the conditional probability of (iii). To

prove (a) it suffices to note that, given that 0 ph p ,the message & that player 1

receives and the action & " that player 2 takes are conditionally independent, and the

probability that the latter is O is pA¢. To prove (b), note, first, that by the specification of the
mechanism | y R . | &t soditidndlzirdBability that o P, given that player m Q &
typeis pand he receives the message OF) , ORY, "YRO or "YRY ,is pXo, cfu, pic or

p7x¢, respectively. It is therefore sufficient to show that the conditional probability, given the

same information, that o pand & h 0 is pXop, oXp TpXt or pXt, respectively.

This conditional probability is equal to the product of two terms: the condition probability
that 0 P, given that 0 pl YR LIX ina3s&dliasmh@ specified value; and the

condition probability that h 0, given that 0 ph p and & has that value. The
first term is the complement of the conditional probability that 6 p, and is hence ¢ 7o,
¢, pIc or pXc if the message is OR) , DAY, "YA) or "YRY , respectively; and by the
specification of the mechanism, the second term is pt, oft, pZ¢ or pA¢, respectively.
Therefore, the product of the two terms is pf, ofp TipAT or pAT, respectively, as had to be
shown.

The above CED, which as shown is both ¥ and "@mplementable, is not implementable by
any mechanism that has both properties, or even by a mechanism with properties “Yand ‘O
To see this, consider any correlated strategy with a mechanism satisfying “Yand “Qhat has
the CSD specified by Table 2. Partition all the messages that player 1 may receive into four
groups, ORD , ORY, 'YRA) and "YAY ,accordingtotheactionsd K I &G LJX I @ SNJ mMmQ&a &G NI
assigns to the message when i K S LJfype & SpNflstientry) and  p (second entry).
Since the mechanism satisfies "Y the probability of receiving a message that belongs to a
particular group when player 2 has type p is the same for both types of player 1. Denote
these probabilitiesby ,f ,n andn .Letrp ,n ,n andn be the corresponding
probabilities for the case where player 2Q & (i &oLIBce these messages induce the
distributions of actions given in Table 2, the following equalities must hold:

S . G (15)
n n Gh n n Gh
. . P ; p (16)
n n Gh n n c8

A necessary condition for the correlated strategy to be a correlated equilibrium is that type
p of player 1 cannot increase the conditional expectation of his payoff by playing 'Y, 'Y, 0 or
0, respectively, when the message he receives belongs to group 0R) , ORY, YR or
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"YAY (so that his strategy specifies taking the opposite action). Since the mechanism
satisfies ‘QOfor any type profile the message that player 1 receives is independent of player
H Qriéssage, and hence of (i K I (i laiftion &8i\NdEyardlessof LI @ SN m@é (e LIS | yR
message he receives, player 2 plays 0 with probability pZ¢. The above necessary condition is
therefore expressed by the following inequalities:

N gfc g't'p N g't'p g't'n mh
hoogie gt h e cim a7)
i gfc g't'p r‘] g't'p g't'n Tt
n g't'c g't'p n g't'p g't'n T8

All inequalities in (17) must in fact hold as equalities. If one of the first two inequalities or
one of the last two were strict, then 1) n n n TIor n n

n N rtwould hold. These two inequalities are equivalent (since the probabilities in
each quartet sum up to p), and they contradict (15). Therefore, in particular, the first and
third equalities in (17) hold as equalities, which implies 1 n n n T
This equation contradicts (16). The contradiction proves that a correlated strategy with a

mechanism satisfying “Yand "Qhat has the distribution specified by Table 2 cannot be a
correlated equilibrium.

The conjunction of ¥ and ‘O-implementability (as in Example 4) and the conjunction of ¥
and "@mplementability (Example 5) are two attributes of CEDs that have no parallels among
the attributes of CSDs. A third attribute that is defined in a similar manner may exist,
namely, the conjunction of “Y¥ and "‘@mplementability. However, its existence is still an open
question: it is not known whether this third attribute is indeed distinct from the second one.
This uncertainty is represented in Figure 2 by the question mark. It is shown in Section 5.3
below that, in any case, these two or three attributes of CEDs are the only ones that can be
defined only by conjunctions; additional such attributes do not exist.

3.2.3 Strategy correlated and type correlated equilibria

As an illustration of the discussion in the previous subsections, this subsection describes in
detail two of the attributes of correlated equilibrium distributions in Figure 2:

0 -implementability (attribute IIl), which is inherited from correlated strategy distributions,

I Yy R { K5Ta&tébutdh X0 -implementability (attribute I11,). Both attributes have been
previously described in the literature, under various names. Correlated equilibria whose
CEDs are "Yaj -implementable are called strategy correlated equilibria (Cotter, 1991),
strategic form correlated equilibria (Forges, 1993, 2006) or normal form correlated equilibria
(Lehrer et al., 2010). Correlated equilibria whose CEDs are U -implementable are called type
correlated equilibria (Cotter, 1994) or agent normal form correlated equilibria (Forges, 1993,
2006; Lehrer et al., 2006, 2010).

Inastrategy correlated equilibrivdh I NBFSNBS 6K2 R2Sa y20G (y2s (K
confidentially recommends a strategy to each of them. The recommendations are thus
AYRSLISYRSYyG 2F GKS LI F@SNBRQ I Ol dbeéquilibriirhdSa o6 dzi vy
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condition is that it is always optimal for each player to take the action that the strategy
recommended by the referee prescribes to his actual type, assuming that all the other
players do the same.*® In the terminology of this work, a referee corresponds to a

mechanism. ¢ KS | dadzYLJiAz2y GKI G GKS NB FKENSpSndR2Sa y2i

to properties “Yand 0 of the mechanism, which together mean that the types do not affect
the messages.

Atype correlated equilibriurdiffers from a strategy correlated equilibrium in that each
player is told not the whole strategy but only the action it prescribes to his actual type.
However, it is still assumed that the referee does not know the types when he chooses his
recommendations. Hence, either he learns them later or there is something (e.g., a language
barrier; see the example in the Introduction) that prevents players from learning what they
are not supposed to know, namely, the actions that the strategy recommended by the
referee prescribes to each of the other types of the same player. Either way, the message
that each player receive may depend on his type, so that the mechanism only has property 0.

Forges (1993) showed that some type correlated equilibria are not equivalent to any
strategy correlated equilibrium. The next example provides another demonstration of this
result.

Example6. A correlated equilibrium distribution that ¥ - but not ™Yi) -implementable.
Two players play the coordination game

Player 1 can be of type portype p, which are both equally likely. Player 2 has the single
type p. A mechanism bases its messages on the outcomes of two independent coin tosses,
O andO |, each of which gives 0 or 'Y with equal probabilities. A player of type por p
receives the message 0 orO , respectively. The correlated strategy of always acting
according to the message is a correlated equilibrium. It gives the expected payoffs p and T®,
respectively, to types pand p of player 1, and T wo player 2, and it is easy to check
that, in all three cases, profitable deviations do not exist.

The above mechanism has properties"Yand 0@ 2 KS (i K S NJ L I & So\toemrta
affect the distribution of the message he receives (which has probability 0.5 of being 0 in
bothcasesb = 'y R KI & y2 ST7FS OnessageKTheitairas@mdisgNI 2 y
correlated equilibrium distribution is not implementable by any mechanism that satisfies Y
and U, i.e., one in which both messagead | NB dzy | ¥ F SThdréadan isdhaxt, invaty &
correlated equilibrium with a mechanism that has that property, the expected payoff for the
two types of player 1 must be equal. Otherwise, one of them could increase his payoff by

mimicking the way the other type reacts to the message he receives.

'8 This verbal description of strategy correlated equilibrium is not entirely general, in that the
recommendation that each player receives from the referee is an explicit strategy. In a more general
setting, a device may send out messages that are arbitrary objects, and the translation into strategies
for the receiving players is expressed by the correlated strategy.
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Figure3. Hesse diagram of the differerdttributes of communicationequilibrium distributions (MEDSs) in
Bayesian gamesrdered by implication Eachattribute is represented by a box, and an irfipation relation is
represented by a line. A conjunction symbolmeans that theMED is implementable both by mechanism
satisfying one property(or pair of properties)and by amechanismsatisfying the other property A line marked
? representsan uncertain relation: it is not known whether the reverse implication also holds (in which case
the two connected boxes should be coalesced).

3.3 Attributes of communication equilibrium distributions

A communication equilibrium in a Bayesian game is also a correlated equilibrium but the

converse is generally not true. The incentive compatibility requirement for correlated

equilibrium is that taking a different action than that prescribed by the correlated strategy

cannot make a player better off. Communication equilibrium adds the requirement that

reporting the types truthfully is incentive compatible. Obviously, the latter requirement has

y2 0AGS AF GKS YSOKFYyAaY AIJy2NBa (WEO.LIX I @ SNAQ
Thus, if a CED is implementable by a mechanism with these properties, it is automatically a

MED. Somewhat less trivially, it is shown below that "YiJ -implementability is the weakest
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attribute of a CED in Figure 2 that guarantees that it is also a MED. Thus, for any list of
properties of mechanisms that does not include “Yor 0, some of the CEDs implementable by
a mechanism with these properties are not MEDs. However, other such CEDs are MEDs,
which raises the question of whether, also as MEDs, they are implementable by a
mechanism with the same properties, i.e., whether there exists a communication
equilibrium with such a mechanism that gives the distribution. Examples 7 and 8 below show
that the answer to this question can be negative.

Implementability by a mechanism with a particular set of properties is an attribute of MEDs,
just as for CEDs and CSDs. As in Sections 3.1 and 3.2, a basic question, for each such attribute
of MEDs or a conjunction of several attributes, is which of the other attributes are implied by
it. The answer is given by the Hesse diagram in Figure 3, which presents the implication
relations among the various attributes of communication equilibrium distributions.
Comparison with the diagram for correlated equilibrium distributions (Figure 2) shows that,
among the attributes of distributions that are defined by a single set of properties of
mechanisms, the implications relations for MEDs and CEDs are identical. However, this is not
so for attributes that are defined by conjunction, with the result that some such attributes
are equivalent in the case of CEDs but distinct for MEDs. For example, for MEDs, unlike for
CEDs, the conjunction of "¥ and ‘O-implementability does not imply “Yi@mplementability.

Example7. A communication equilibrium distribution that'as wellas'O-implementable
but not "Yi@mplementableln a three-player Bayesian game, player 1 has two types, 6 and
0 . Players 2 and 3 both have the same two types, 0 and 0 . All type profiles except
0l may occur, and they have the same probability (o). Each player can play 0 or Y.
tfF @SN MmQa LI @2FF RSLISehdhe 2K SNIZ2ZWE HEKSNH @ LISO LINR)
Specifically, it can be different from rtonlyif 6 6 FO D , and in that case the payoff is
given by the following symmetric matrix, in which the rows and columns correspond to the
actions of players 2 and 3:

0 Y
0 1 p 8
Y p o

For player 2 and for player 3 the payoff is the sum of two numbers. The first number is t if
player 1 plays 0 and players 2 and 3 have identical types; itis T also if player 1 plays 'Y and
players 2 and 3 have different types; and it is Ttotherwise. The second number is pX¢ if the

LY I @ SNDa& % dandif the@dlion B §, it ifigiven by the following table, in which the
NEga RSAaONROS K Sthelciflumms &iddbeithe 2ypeyof thedthadtwd y R
players:

o oM o oM
o ./ p m T |8
o] o] Tl T T

Consider the function that, for each type profile ¢, assigns to player 1 the action 0 or Yif the
types of players 2 and 3 are identical or different, respectively, and assigns to players 2 and 3
the actions specified by the following table, and which the rows and columns correspond to
0KS L3 I &SNt that of ie other hlager, tespeRtively:
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0 0
o (0 V|8
o [0 0

With the mechanism with property ‘Othat, for each type profile 0, tells each player the
action that the above function assigns him, the correlated strategy of acting accordingly is a
communication equilibrium. Player 1 cannot increase his payoff of 1t, since there is no way
he can make players 2 and 3 play 'Y when they both have type deeAnd for these players, a
truthful type report is incentive compatible, since if (only) one of them lies, both players 2
and 3 lose the 1 they would get from a match between their types (identical or different)
'y R LJX I &S Nar'M eespectivey)i i a@lditiondfor players 2 and 3, acting according
to the coordinated strategy is incentive compatible. For a player of type 0, doing so always
guarantees him maximum payoff, and for type 0 , deviating from the assigned action 0 to 'Y
would decrease the expected payoff by (p7T o pX¢ ) pAT.

The communication equilibrium distribution described above is also implementable by a
mechanism with property Y That mechanism sends to player 1 the same messages as
above, and sends to each of the other two players ‘@ ¢fo) a message that depends on the
othersQ (i &daiBidy to the table

ol oM o oM .
AL n ‘ ‘ h
= v Y Y

where 4 RL s a pair of dependant random variables that equals ORY with probability
T® and YR with probability T&. A communication equilibrium with this mechanism that
gives the same distribution as the previous one is for each player to play according to the
message he receives, unless he is of type 0 , in which case he should play 0. For a player of
that type (0 ), playing "Y would not increase the conditional expectation of the payoff,
regardless of the message he receives. This is because, given that the received message is 0
or 'Y, the conditional probability that the other players have types 6 and o is pfo or pAu,
respectively. Since both pfo ocand pfu o are greater than pf¢, deviation to Yis
unwarranted in both cases. The incentive compatibility of truthful type reports is proved by
arguments similar to those used for the previous equilibrium.

There is no communication equilibrium with a mechanism with properties “Yand “Qhat gives

the above distribution. To see this, suppose that such a communication equilibrium exists.

Since property “Yimplies "Y the distribution of the messages that player 3 gets from the

mechanism2 yf @ RSLISYR&a& 2y ( o$hat? cakbs dedcribid bydh8 titleQ (& LIS & X

P8

\ Fb LS 1 Fb .
h

ca| O
ca| O
ca| O
ca| O

where0 ,0 ,0 ,0  NB F2dzNJ LINPOI 6AfAGE YSI &adiNgRa 2y LI | &
type of player 3 is 0, he should play 0 or 'Y if he receives any message in © O £0D orin

OOED © OOEID, respectively. Therefore, these two subsets of 0 must be disjoint. If

the type of player 3is 0 , he should play 0 regardless of the message & he receives.

Deviationto'Ya K2 dzf R y2i( AYyONBlI &S GKS O2yRAGAZYIf SELIS
means that
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It follows that if the type profileis o RO Fd |, the probability that player 3 plays Yis at least
¢Au. The same is true for player 2. Therefore, by the assumed independence of the
messages (property ‘@ the probability that both 2 and 3 play Y when the type profile is

oMM isatleast g vSincet¥c v @ ¢ @FC L p T this shows that player 1
has an incentive to misreport his type as © when it is really 6 , which contradicts the
equilibrium assumption.

The MED in Examples 7 is not "Yi@mplementable, although it is ("¥ and O-implementable,
and hence) "Yidmplementable as a CED. The next example demonstrates another difference
of this kind between MEDs and CEDs. The special significance of this example is that it shows
that these solution concepts are not connected by a relation similar to that in Theorem 1,
which concerns CEDs and CSDs. The example is taken from Gerardy (2004, Example 2).

Example8. A communication equilibrium distribution thatriet O-implementable butioes
havethat attribute as a correlated equilibrium distributiolm a three-player Bayesian game,
player 1 has two types, 0 and 0 , player 2 has two types, 0 and 0 , and player 3 has a single
type. Types © and 0 cannot occur together, but all the other three type profiles are
possible and equally probable. Players 1 and 2 have a single action, and player 3 has four
actions: ¢ hd Fed hid . The four payoff vectors that correspond to the four actions, for each
type profile, are given by the following table.

0 o]
plpfithimh p hmith p  phimhpiplp h ofdp h phth p |8
i

) ph pip h
0 riph h pipip h riph p h 1 ofp

For each of the three possible type profiles there are either one or two actions for player 3

that yield him his maximum payoff of p. There are four different ways to choose one such

action for each type profile, and each such choice of actions specifies an "YiO- (but not 0 -)

implementable CED. However, it can be shown that only one of these four CEDs is also a

MED, namely, the one in which player 3 chooses his firstaction A ¥ G KS 20 KSNJ LJ I & SN
are 0 and 0 and chooses the second action w otherwise. In addition, in any

communication equilibrium, player 3 randomizes exactly fifty-fifty between & and @ if the

impossible type combination o fd s reported; otherwise, truthful type reports are not

incentive compatible. The above MED is therefore "Yi®@but not O-implementable.

The existence in Example 8 of three "YiO-implementable CEDs that are not MEDs shows that
this attribute of CEDs is insufficient to make them MEDs. Example 6 proves that "Yi) -
implementability is also insufficient. This is because, in the CED considered in that example,
the otherwise identical two types of player 1 receive different payoffs, which is impossible in
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a MED. Together, these examples prove that the only attributes of CEDs in Figure 2 that
necessarilynake them MEDs are those that imply “YiJ -implementability.

Example 8 also shows that a result similar to Corollary 1 does not hold for communication

equilibrium distributions: the canonical strategy, with the canonical mechanism, is not

necessarily a communication equilibrium. The reason for this fundamental difference

between communication and correlated equilibria is that, in the former unlike the latter, the

messages that the mechanism sends when it receives type reports that are patently not all

truthful (since the profile lies outside the support of the distribution of type profiles) cannot

be chosen arbitrarily. The Y SOK | YA aYQa NB I ChéskoanguceiacBionsittdtO K NB LI2 NI
punish the player who lied about his type, whose identity may or may not be inferable. The

feasibility of such a reaction may depend on the properties of the implementing mechanism.

Hence the difference between Figure 2 and Figure 3.

The differences between the attributes of correlated equilibrium distributions and those of
communication equilibrium distributions are not limited to differences between the
respective Hesse diagrams. As Examples 7 and 8 show, they involve not only the number of
attributes and the relations between them but also the placement of individual distributions.
The same distribution may be assigned to either of two non-corresponding classes
depending on whether it is viewed as a CED or as a MED. The classifications of CSDs, CEDs
and MEDs, which are derived from the respective Hesse diagrams, are described in detail in
the next subsection.

3.4 Classifications

A significant property of the collections of attributes of distributions that are described in
the preceding three subsections is that each of them is closed under conjunctions. That is,
each collection includes every attribute that can be defined as the conjunction of several of
its elements, i.e., as the quality of possessing all of these attributes. This result is formally
expressed by the following theorem, and it is proved by Lemmas 5, 6 and 7 in Sections 4, 5
and 6 below.

Theorem2. The conjunction of any number of the attributes of CSDs in Figure 1, CEDs in
Figure 2, or MEDs in Figure 3 is equivalent to one of the attributes in the same figure.

Each of the collections of attributes of CSDs, CEDs, and MEDs in the above figures is also a
lattice with respect to the implication relation. That is, in each of the three Hesse diagrams,
every two attributes have a greatest lower bound (or infimum) and a least upper bound (or
supremum). The greatest lower bound, also called the meetof the two attributes, is the
unigue attribute in the diagram that (i) implies both attributes and (ii) is implied by every
other attribute in the diagram that implies them. The least upper bound, also called the join
of the two attributes, is the unique attribute that (i) is implied by each of the two attributes
and (ii) implies every other attribute in the diagram that is implied by each of them. The
meet and join operations are customarily denoted by~ and™ respectively. Theorem 2
implies that this notation is consistent with the use of ~ in Figure 2 and Figure 3 as the
symbol for logical conjunction. By the theorem, in each Hesse diagram, the conjunction of
any two attributes is equivalent to some attribute in the same diagram. That attribute is
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clearly the meet of the first two: it implies each of them, and it is implied by any other
attribute that does the same.

A CSD, CED, or MED in a Bayesian game usually has more than one of the attributes of
distributions of that kind that are described in this paper. Specifically, if it has a particular
attribute, then it also possesses every other attribute that is implied by the first one. For
example, every random-profile distribution (attribute Ill in Figure 1) also has the conditional
independence property (property Il). However, as the following theorem shows, among all
the attributes in Figure 1, Figure 2 or Figure 3 that a given CSD, CED or MED has, there is
always one that implies all the others; it is its strongesiattribute. Clearly, specifying the
strongest attribute is equivalent to specifying the whole collection of attributes that the
distribution possesses.

Theorema3. For every correlated strategy distribution —, the collection of all the attributes in
Figure 1 that — possesses includes one attribute that implies all the others. The same is true
for correlated equilibrium distributions and for communication equilibrium distributions,
except that for these the relevant attributes are those in Figure 2 and Figure 3, respectively.

Theorem 3 is an immediate corollary of the closedness under conjunctions. By Theorem 2,
the conjunction of all the attributes that a distribution — possesses is equivalent to one of
the attributes in the relevant Hesse diagram. Since equivalence means two-way implication,
it follows that (i) — has that attribute, and (ii) the attribute implies all the other attributes
that — possesses. Parenthetically, Theorem 3 does not simply follow from the observation
that each of the three Hesse diagrams is a lattice (or vice versa). Removing VI, for example,
from Figure 2 would invalidate the theorem, but the Hesse diagram would still represent a
lattice.

As an illustration of Theorem 3, consider a CED that is implementable both by a mechanism
with property 0 and by a mechanism with property ‘O. That CED must be a pure-equilibrium
distribution. This is because the only attribute in Figure 2 that is stronger than (i.e., implies
both) 0 -implementability and ‘O-implementability is ") HO-implementability.

Classification according to the strongest attribute partitions the collection of all CSDs into 7
nonempty and mutually disjoint classes. The partition for CEDs, which is finer than (that
inherited from) the former, has 14 or 15 elements, and for MEDs the number of classes is 15,
16 or 17. Each of these classes can be designated by the same roman number and (if
applicable) subscript letter that designate the corresponding attribute in Figure 1, Figure 2 or
Figure 3. For example, class Il of CSDs consists of all the correlated strategy distributions
with the conditional independence property which are not random-profile distributions.

3.5 Payoffs

The purpose of Example 6 is to demonstrate that the joint distributions of type and action
profiles achievable by strategy correlated equilibria are not identical to those achievable by
type correlated equilibria. It demonstrates that by showing that the two kinds of equilibria

¥ Although the ranges of possible cardinalities overlap, it follows from Example 7 and Lemma 22
below that the number of classes of MEDs is strictly greater than for CEDs.
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may give different expected payoffsii 2 OSNIF Ay (&L)S&a 2F LXII&@SNED C2|
demonstration of the nonequivalence of strategy correlated and type correlated equilibria,

which is considerably more involved than Example 6, seemingly goes further by showing that

even the LJt | &payoffs, which combine those of all their types, may be different for the

two kinds of equilibria. However, it follows from the next theorem that to study the effect of

the properties of the implementing mechanism on the correlaed equilibrium payo#(CEPS),

which are the &-tuplesgivingi KS LJX I @ SNAQ SELISOGSR LI &2FFa Ay
¢ -player Bayesian game, it is in fact not necessary to actually examine these payoffs, as

Forges (1993, 2006) did. It suffices to solve the more tractable problem of CED

implementability (Section 3.2). This is because any two kinds of mechanisms (of those

considered in Figure 2) that do not implement the same CEDs necessarihalso do not

implement the same CEPs (and, obviously, vice versa). A similar relation exists between

correlated strategy distributions (Section 3.1) and correlated strategypayoffs (CSPs), and

between communication equilibrium distributions (Section 3.13.3) and communication

equilibrium payof$ (MEPs). The proof of the theorem, which is given in Section 7, is

constructive. It thus provides a means of automatically turning an example such as Example

6 into one that involves different payoff vectors (rather than just different joint distributions

of types and actions).

Theorem4. For any two subsets V and X of the properties (of mechanisms) "“Yi'Yi i FORO,
the proposition

V -implementability implies X-implementability

holds for correlated strategy distributions, correlated equilibrium distributions or
communication equilibrium distributions if and only if it holds for correlated strategy
payoffs, correlated equilibrium payoffs or communication equilibrium payoffs, respectively.
Moreover, the same is true with thS  LINBWR YISt &IYSy il oAt ®deé NBLIX I OSR
implementability and V -implementabilityand X ¢ £ ¥ 2 MJWM ¥ &f sibseta df
“YiY) R FORO,

The gist of Theorem 4 is that the Hesse diagrams in Figure 1, Figure 2 and Figure 3 apply not
only to CSDs, CEDs and MEDs, respectively, but also to CSPs, CEPs and MEPs. Moreover, the
classifications of CSPs, CEPs and MEDs by the properties of the implementing mechanisms
are identical to the classifications of CSDs, CEDs and MEDs described in Section 3.4.
Therefore, the notation used for the various classes of distributions may also be used for the
corresponding classes of payoff vectors. For example, Class | of CEPs consists of all the
correlated equilibrium payoffs (in specified Bayesian games) that are not “¥ or '©
implementable.

This concludes the summary of the main results in this paper. The following sections present
these results in detail and give their proofs.

4 Correlated Strategy Distributions
One of the goals of this paper is to identify new attributes of correlated strategy
distributions. It would seem natural to base the classification on the intrinsic properties of
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CSDs, that is, properties that can easily be expressed in terms of the distributions
themselves, as in Lemma 2. Indeed, this is the prevalent approach in the literature.
However, an alternative approach turns out to be quite fruitful. This approach, which forms
the basis for this work, is to classify CSDs according to the properties of the mechanisms
implementing them. Characterization in terms of intrinsic properties is the second step.

The classification of CSDs is based on the six properties of mechanisms described in Section
2.2, namely, "Y"Y 0, 0, ‘Oand "OEach subset V of these properties defines an attribute of
CSDs, namely, V -implementability. A CSD is ¥ -implementable if it is implementable by some
mechanism with (all) the propertiesin V. If vV and X are two subsets of properties, V -
implementability impliesX-implementability if in every Bayesian game every V -
implementable CSD is also X-implementable. Shorthand for this relation is

Vi N8 (18)

A trivial sufficient condition for it is reverse inclusion, ¥ p X. VY -implementability and X-
implementability are comparablef (18) or the reverse implication holds, and equivalentf
both implications hold. Shorthand for equivalence is

Vg N

The connection between properties of mechanisms and attributes of CSDs can be extended
by considering pairs of subsets of "Yi"¥i) iy KORQ, Each such pair, ¥ and ¥ eadefines an
attribute of CSDs , namely, the conjunctionof ¥ -implementability and v admplementability,
which is denoted by

AVRRNAVE: <

A CSD with this attribute is implementable both by a mechanism with the properties in v
and by a (generally different) mechanism with the properties in V agHowever, Lemma 5 at
the end of this section shows that no new attributes are defined this way, since every CSD as
above is also implementable by a mechanism that has both the properties in ¥V and those in
Vee

A simple and natural mechanism that implements any given CSD is its canonical mechanism
(see Section 2.3). The following useful lemma identifies several attributes of CSDs that only
depend on properties of their canonical mechanism.

Lemma4. ACSD is U -, O- or ©implementable if and only if its canonical mechanism has
property 0, O or "Qrespectively.

Proof.Consider a CSD — and its canonical mechanism O 0 6 . .let, beany
correlated strategy with a mechanism O such that — is equal to the joint distribution of the
random type profile <and the random action profile ={=that is defined by a similar equation
to (7) except that O replaces O . By definition of the canonical mechanism,

oo , ofo o h ovOODDS (19)

N
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IfO satisfies “Othen the entries on the right-hand side of the equality are independent, and
therefore (4) holds. A special property of the canonical mechanism is that (4) also holds for
alloe O O B-b , which proves that O satisfies 'O

Another special property of the canonical mechanism is that, for every dand "Qthere is some
o with 6 ~ OO B-b such that (2) holds, and hence (by (19))

oo , oo o 8

IfO satisfies O, then the expression on the right-hand side has a degenerate distribution,
which proves that O satisfies O. If 0  satisfies U, then the distribution of the expression on
the right-hand side is unaffected by replacing 6 with an arbitrary type profile &', and the
equation that results from this replacement proves that 0 also satisfies 0. o

Lemma 4 cannot unfortunately be extended to all attributes of CSDs. In particular, as
indicated in Section 2.2.1, the canonical mechanism of an 0 -implementable CSD does not
necessarily have property 0. However, every U -implementable CSD — is implementable by a
mechanism O O 0 « withproperty U thatis functionally indistinguishablfrom the
canonical mechanism O O O . ,inthat

Do Ooh ovOODPDS (20)
Such a mechanism can be constructed by taking any mechanism O O 0 « with
property 0 that implements — and a corresponding correlated strategy ,, , and defining
oo , o 0oh Q038

It follows from (19) that this mechanism is functionally indistinguishable from the canonical
one, which implies that — is obtained also from using the canonical strategy with the
mechanism O .

4.1 Intrinsic characterizations

This subsection presents intrinsic characterizations for several attributes of CSDs, which
represent an alternative to definitions by properties of the implementing mechanisms. The
first two propositions are reworded versions of results presented in Section 3.1.1.

Proposition1. A CSD — is "Y1 i@mplementable if and only if the following condition holds
for some (equivalently, every) pair of random variables «  <h<f8 h« and+
+ i /B = whose joint distribution is —:

(i) Foreach pIayer"Q=}= and <« F1=|= are conditionally independent, given <«

A CSD is "Yi) HO-implementable if and only if it satisfies the stronger condition in which (i) is
replaced by:

(i) For each player "Qthe conditional distribution of =, given < is degenerate.

Proof.To prove the sufficiency of the condition for "Yi) Ff@mplementability, let O be the
canonical mechanism of — and =|= O <« the canonical random action profile. Suppose that
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(i) holds. For every type profile 68 O O B-b and action profile &

0G dee« 6 0 O & h€d 00 & s« 0o (21)
0G ose« 00 » s« o0 E
0 s« 600G &s« OE0OEF ds« 0h
where the second equality follows from (i) and the subsequent equalities follow from using
an identical trick for the other entries of ¢ This proves that 3= i F8 R are conditionally
independent, given «By (i), for every type profile 0 with ol ~ O O B-D , each
expression in (21) of the form0 Gk~ (s« 0 isequalto0 G s« 0O
Therefore, since =|= O < (21) and the second part of property (5) of the canonical
mechanism imply that, for o8 O O B-D , ON 6 and anyo N Y

. . L (22)
0G e« 6 0@ O & 0@ oM » 8

Assume, without loss of generality, that the indexing2 ¥ (G KS LJ I @ SNAXL)isi @ LISa 0 a §
suchthatd oMM N OOBPD . .Foreacholeto 6 O ol oMO o
be the random variable with values in 0 0 E © thatisdefined by

O o O o b o M h @08 (23)

The message that each player "eceives from the mechanism O O 0 . isapure

strategy of the form RO M N & , where each action ¢ coincides with the message

that the player would receive from the canonical mechanism O if his type were 0 (the

LY I E@NgeE YR GKS 20 KSNJ LI I &0S.Silc&thisidésdijiién dogdsS NE I A FSy
not involve in any way the actual type profile ¢, the mechanism O satisfies "Yand 0. To
prove that it also satisfies "Qit has to be shown thatforany G ol 8 6 , O RO B N 6 ..
OhoB NG,

0@ oM o oM OGMMm oM o oM w8
§ (24)
wh 8

gf

O oM O o
By (6), the left-hand side is equal to
0 o OB & 0@ oM O 0@ oM ® E 8

By the second equality in (22) (usedwithd 0 0 ), this proves that

o ol O o oM ok O ok OB

. (25)
O@ oM w 8
By (6) again, (25) proves (24), so that the mechanism O satisfies “OTo prove that it
implements the CSD —, define a correlated strategy,,  ,, h, B, with the mechanism
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O by
., OhORH wh @ 0hQ plis8 (26)

Thus, according to ,, , of all the entries in the message, player "Qakes the one corresponding
to his actual type. It has to be shown that

4 I 1B R 4, <« Oh <« oMhHh <« o 8
For this, it suffices to show that, for every o8 O O B-D and &N 6,
0G& < 0
0Q <« <« oh <« <« OMBhL <« <« GOs<« 08

By (22), this equation holds if and only if

0o oM »
0Q oo o &h o o &MhHL o o & 8

By (26) and (23), the left-hand side is equal to
0Q o o ®h

and by property "f the mechanism O, the right-hand side is also equal to this product.
Therefore, the equality holds.

Establishing the sufficiency of the condition for ") RO-implementability only requires the
following short addition to the above proof. Suppose that (ii) (rather than the weaker
condition (i)) holds. It has to be shown that the mechanism O satisfies O (rather than only
“Q By (23), it suffices to show that for every 0 ¥ "Yand " 0 the distribution of the random
variabled O is degenerate. By the second part of property (5) of the canonical
mechanism, it suffices to restrict attention to type profiles 6 in © O B-b , for which the
distribution is equal to the conditional distribution of 0  «, given that « 0. Since

+ O < by (i) that distribution is degenerate.

It remains to prove the necessity of the conditions in the proposition. Every CED is the joint
distribution of pair of random variables <nd =|=such that (7) holds for some correlated
strategy ,, with a mechanism O . Moreover, «and O are independent, and therefore

0 ows« 0 0Q o 6 & h @ GyOODD O™ 88 (27)

It follows from (27) that if the mechanism O satisfies w, then the probability on the left-
hand side is either Ttor p, and if O satisfies 0, then, for every '@ 0,68 O OB and
W\ 0,

0 vse 0 0G s« 038 (28)
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IfO satisfies ‘Qthen (in view of (7)) the actions 5= ki 8 R are conditionally independent,
given sand therefore, for every '@ G,08 OO B-D and N 6,

0G dse« 6 0 @©s« 600G & s« 08
Multiplying both sides by the conditional probability 0 O« 6 S« 0 gives
00« ORE (e 0 O0G GOse« 000« 0 R & s« 08 (29

Therefore, if a CSD — is both 0 - and "‘@mplementable (and, a fortiori, if it is "Yi) FO©
implementable), then every <and =|=whose joint distribution is — satisfy (28) and (29), and
hence also

00« OR Csea 0 O0G Gs« 000« O R & s« 0N

forevery @ 0N OO B-D and N 6. This property is equivalent to condition (ii). If — is
in addition O-implementable (and, a fortiori, if it is "Yi) KO-implementable), then the
expression on the right-hand side of (28) is either Ttor p, which gives (i).

Proposition2. A CSD — is "Yi -implementable if and only if there is a probability measure *
ond 6 E 06 suchthat

- @ - 0 i & hov Yo Bh (30)
where — is the distribution of type profilesand * is the marginal measure defined by
(14).

Proof.To prove the sufficiency of the condition, suppose that a measure * as above exists
for a CSD —. Restrict * to its support 'Y, and let the random variable »be the identity map on
Y. By construction, »is independent of the random type profile «Define a mechanism

O 0 o0 « by

O o » QODY"8 (31)

This mechanism clearly has properties "Yand 0. The message space of each player is Y,
each elementi of which is a pure-strategy profile ¢ hid F8 o oo B8 I o hd 18
(where, for each "@nd "Q & is the action prescribed to player ‘@ &h type). Define a
correlated strategy ,, with the mechanism O by

, O ®h @ 0hQ piiBs (32)

Thus, the strategy for each player is simply to take the action prescribed to his actual type. It
has to be shown that the joint distribution of <end the random action profile
corresponding to ,, is —. By (30), this means that the following has to be established:

0G s« 0 ' ®h ovOODBD fid)v 68 (33)
By (7) and (31), for any type profile6 o I B

, 0 hwfBh O ©8

i

0G de« 6 00, 0 h»



By (32), the right-hand side is the * -measure of the set of all pure-strategy profiles
WO MO B M OB with & hd B hod @ which by definition (Eq. (14))
isequalto‘ @ .Thus, (33) holds, so that0 implements the CSD —.

To prove the necessity of the condition for "Yij -implementability, consider a CSD — that is
equal to the joint distribution of a pair of random variables <«nd =|=such that (7) holds for a
correlated strategy ,, with a mechanism O that satisfies O (and may or may not satisfy "Y.
Fix a type profile 0 . The random variable

, OO0 oM h, om oM Bh, o0 oM

N N

x

returns values in 0 0 E 0 ,i.e., pure-strategy profiles. Its distribution ‘ is given
by
OO B I 0Q o oh wh om om
wmBn o oM wh of oM OB 8

For every type profiled o I M andactionprofile®d GORIB O
‘ OB MO OB N 0 E 6 & hd B @
00, oo oM wh om oM wBh oM oM
0Q <0 <« &h <« <« OMBh <O <«
where the last equality uses the assumption that 0 has property U. By (14) and (7), this
shows that (33) holds, which gives (30).

Proposition3. A CSD — is U -implementable if and only if it has the conditional independence
property.

Proof.In view of Lemma 4, it suffices to show that the canonical mechanism O of — has
property 0 if and only if the condition in Definition 3 holds for the random type profile <nd
the canonical random action profilef O <. The condition in the definition is the
requirement that, for every player "Q@nd type 0 for that player,

0G &« of 0G ®<« o h @ONO (34)
for all type profiles © and teomith ofd hom N OOB-D .Since+ O <« (34)is
equivalent to

oD o O o 8 (35)

It follows from the second part of property (5) of the canonical mechanism that (35) holds
for all type profiles © and ceamith 0F0 hof ~ O OB-D ifand only if it holds for all &
and Gee @is is so for every player "@nd type ¢ if and only if 0 has property 0. ¢

Proposition4. A CSD — is ‘@mplementable if and only if the following condition holds for
some (equivalently, every) pair of random variables €@nd+ = i 8 I whose joint
distribution is —:
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(1) =|= . are conditionally independent, given «

A CSD is G-implementable if and only if it satisfies the stronger condition in which (i) is
replaced by:

(i) The conditional distribution of=|=given s degenerate.

Proof.In view of Lemma 4, it suffices to show that the canonical mechanism O of — has
property ‘@r Oif and only if (i) or (ii), respectively, holds for the random type profile <and
the canonical random action profile =|= O <« Inotherwords, condition (4) or (3) holds for
all type profiles 0if and only if the condition holds for all o8 O O B-b . This equivalence is
implied by property (5) of the canonical mechanism. ¢

4.2 Equivalences
This subsection identifies equivalent formulations for the attributes of CSDs considered in
the previous subsection.

Proposition5.ForCSDs, 'Y& Yy , "YW v YO v 0, YW v ™Y & 0,
"Yios "YiOs Oand YO 8 YO s O.
Proof.Since property “Yof mechanisms implies “Yand therefore "Y'+ "Y't , to prove

that these three attributes are equivalent it suffices to show that every CSD is ¥
implementable.

Letd be the canonical mechanism of a CSD —. It implements — but does not necessarily have
property “Y(see Section 2.2.1). To obtain an implementing mechanism that has that
property, letCpd [ ofip 0 M fop o for each type profile Obe the random

variable with values in 6 0 E © thatisdefined by
b6 O o o o M h Q068 (36)

This definition differs from that in (23) in that the partial type profile on the right-hand side
isO rather than the constant one 0 . Hence, the mechanismOp PO  only satisfies
“YWith this mechanism, the correlated strategy ,, defined in (26) gives the canonical random
action profile:

, dip « O < Q08 (37)
This proves that the mechanism Opimplements —.

The proofs that "YiOs "YiOs "Oand YO & "0 & 'O are very similar, and only
require the following additions to the above proof.

If the CSD —is "®or 'O-implementable, then by Lemma 4 the canonical mechanism O has
property ‘@r O, respectively. Since a canonical mechanism also satisfies (6), the random
variables

O o . (38)
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are independent in both cases, and in the case of O-implementability their distributions are
moreover degenerate. It follows that, for every type profile ¢, the same is true for the €
random variables

Op 6 _ h
each of which is a vector whose entries are a subset of the random variables in (38), such
that these € subsets are disjoint. This shows that, if — is ‘©or O-implementable, then the
mechanism Opsatisfies “@r O, respectively, as well as Y

Toprovethat "YU & "W & 0 , itsuffices to show that (-implementability implies
“YA) -implementability. In fact, in view of Lemma 4, it suffices to show that if the canonical
mechanism O satisfies 0, then Opalso satisfies U . If the former condition holds, then, for
every player “Qnd type profiles ceand Geg €85) holds for all types 0, which by (6) implies

O o M ol 8 O o M o B 8
Thus, Cphas property 0.

Toprovethat "Yy & "YU & U ,itsufficestoshowthat O + ") .Thisis shown in
the proof of Proposition 2, where it is proved that the existence of a measure * as in that
proposition implies "Yi) -implementability and it is implied by 0 -implementability. o

Proposition6. For CSDs, ") iOs "YOAOs "YWHOw "WHOs 0ROw OHOw
0~ O and "WHO 8 "WHHO v "WHO v ™AWHO & 0HO v OFRO ®
0~ ©

Proof.It clearly suffices to showthat 0 =~ O+ "™WHOand 0 ~ O + "AHO.As
shown in the last part of the proof of Proposition 1, every CSD that is both (- and "©
implementable, or both 0 - and ‘O-implementable, respectively, is the joint distribution of a
pair of random variables <and =|=that satisfies condition (i) or (ii) in Proposition 1. Therefore,
by that proposition, in the first case the CSD is also "Yi) i@mplementable, and in the second
case it is "Yi) FO-implementable. o

4.3 Implications

Propositions 5 and 6 identify seven attributes of correlated strategy distributions that are
defined by subsets of the six properties of mechanisms defined in Section 2.2. Figure 1
presents these classes as well as certain trivial implication relations among them, which all
follow immediately from relations between properties of mechanisms. To prove that the
figure presents a complete picture of the implication relations between attributes of CSDs, it
remains to show that implications additional to those shown do not hold, so that, in
particular, none of the seven attributes is equivalent to another. For this, the following four
propositions are required.

Proposition7. For CSDs, "Y)HOg ©O.
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Proof.It suffices to consider any complete information game, that is, a game where every
player has only one type, with a mixed-strategy profile that is not pure. #

Proposition8. For CSDs, YO g U .

Proof.In a two-player Bayesian game in which player 1 has a single type and two actions and

player 2 has a single action and two types, consider a correlated strategy distribution in

which player 1 takes his first or second action if player 2 is of the first or second type,

respectively. This CSD is implementable by mechanism that simply tells player 1 the type of

player 2, and thus satisfies "Yand ‘O. However, the CSD is not U -implementable, since with a

mechanism that satisfies 0, player 1 cannotpossibly ] y 2 ¢ LJ I @ SNJ*H Qa G& LIS o

Proposition9. ForCSDs, 0 g U .

Proof.By Example 1, there exists a CSD that has the conditional independence property but
is not "YaJ -implementable. By Proposition 3, that CSD is () -implementable, and by
Proposition 5, it is not U -implementable. 4

Proposition10. For CSDs, ™) g O

Proof.In a complete information game, properties "Yand 0O automatically hold for every
mechanism, buta CSD is @mplementable2 yf & A F (G(KS LI @SNBRQ I OliAz2ya

Proposition 7 proves that attribute V only implies the other attributes in Figure 1 that the
diagram indicates it implies (in other words, it does not imply VI or VII). Proposition 8 proves
the same for attribute VI. These two results prove that attribute IV (which is implied by both
V and VI) only implies attribute I, and therefore the latter does not imply Il. Proposition 9
proves that Il does not imply Ill. Proposition 10 proves that attribute Il only implies the
(two) attributes that the diagram indicates it implies, which establishes the same for
attribute Il and for attribute I.

Since, for mechanisms, property “Yimplies “Y property 0 implies 0, and ‘O implies "Othere are
only 27 relevant subsets of "Yi'Yi) i HORO, which all appear in Figure 1. Therefore, there are
no additional attributes of CSDs that can be described by single subsets of the six properties
of mechanisms. The following lemma shows that the same is true for pairs (hence also
triplets, etc.) of sets of properties of mechanisms: no additional attributes of CSDs can be
defined by them.

Lemmab. For CSDs, for every two subsets Vi P "Yi) i) KORO,
V' N 8 V' N8 (39)

Proof(an outline). Proposition 6 proves the special case of (39) in which v 0 and N
is either 'O or "0 By inspection of Figure 1, every other case follows from one of these
two. o

As indicated in Section 3.2.2 (see also Section 5.3), for correlated equilibrium distributions a
similar result to Lemma 5 does not hold. In other words, the requirement of incentive
compatibility may invalidate the equivalence (39).
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5 Correlated Equilibrium Distributions

The analysis of correlated strategy distributions in the previous section is a first step in the

analysis of correlated equilibrium distributions. The former concerns qualitative differences

between distributions that reflect the limited capabilities of the implementing mechanisms.

The latter also incorporates the constraints inherent in the incentive compatibility

requirement. Whereas in the case of CSDs the limiting factor is the mechanismQa | 6 Af AG& G2
transmit information to players, in the case of CEDs its ability to do so selectively also comes

into play.

As for CSDs, each subset V of the six properties of mechanisms described in Section 2.2
defines an attribute of correlated strategy distributions, namely, ¥ -implementability. A CED
has this attribute if it is implementable by some mechanism with (all) the propertiesin y.
Note that in the present context implementability has a different meaning than for CSDs
(Section 4). Here, the correlated strategy involved is required to be a correlated equilibrium.
Thus, an expression like (18) has a different meaning for CSDs and CEDs. Wherever confusion
is possible, the generic implication sign may be replaced by the more explicitone + or

The following proposition shows that the second of these relations is in a sense stronger
than the first one.

Proposition11. For every two subsets ¥ ik P "Yi"Yaj iy FORO,

vVt NAYLWWASHES (40)

Moreover, the same is true with V replacedbybyy ~ v = E “foranylisty v 8 of
subsets of "YAYA) R hifiO.

Proof.lthasto be shownthat()y + Nand(ii)V g N are contradictory. Condition (i)

means that, in every Bayesian game, every V -implementable CED is also X-implementable.
Condition (ii) means that there is some CSD in some Bayesian game that is V - but not X-
implementable. Without loss of generality, the payoff functions in that game (which are
irrelevant for CSD implementability) are identically zero. However, this means that every
correlated strategy in the game is a correlated equilibrium and vice versa, which contradicts

Q).

Consider now any listy v 18 of subsets of "YiVA) A FuoffQ. Denotey v “ E by V.

Trivially,y + Vv ~ v ~ E holds. It follows fromLemma5that v " v " E +
holds. Together with (40), this gives that

V-V E + NAYLIWS® " E + N8

The converse of (40) does not generally hold. Consequently, the attributes of CEDs that can
be described in terms of the six properties of mechanisms do not all correspond to attributes

% The definition of the conjunction of three or more attributes is the natural extension of the
definition for two attributes.
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of CSDs. In other words, the former are not simply the restrictions of the latter to correlated
equilibrium distributions. Rather, restriction is followed by refinement, which gives rise to
additional attributes. Some of the attributes of CEDs, including the majority of those
inherited from CSDs, are presented in the following subsection. The subsequent subsection
describes additional attributes, by specifically identifying all instances in which the converse
of (40) does not hold. The last subsection completes the description of the implication
relation + (henceforth written simply as+ ) by considering implications involving

conjunctions of attributes of CEDs.

5.1 Equivalences
The following propositions identify equivalent formulations for several attributes of CEDs.

Proposition12. ForCEDs, ™Y & ™Y & 0 .

Proof.In view of Lemma 4, it suffices to show that if the canonical mechanism O of a CED —
has property 0, then the correlated strategy ,, with the mechanism Cpconstructed in the
proof of Proposition 5 is a correlated equilibrium. As shown in that proof, if the canonical
mechanism satisfies U, then Opsatisfies “Yand 0.

By Lemma 3, condition (11) is satisfied by the random type profile <«and the canonical
random action profile= O < By (37),, isa correlated equilibrium if and only if

06 #F 0 «dhE <o « ™ "XORONOS8 (41)

Therefore, a sufficient condition for ,, to be a correlated equilibrium is that the conditional
expectations in (11) and (41) are equal. The formal difference between them is that player
@a | =|=é (i & 2 «in the former is replaced in the latter by O <, which by (36) specifies
not only the message that player “Qeceives from the canonical mechanism (whichisO <)
but also the messages he would receive if his type were different. Therefore, the meaning of
the above equality is that these messages do not provide player "Quith any information that
he could use for choosing a better action.

Since ={= O <« if the conditional expectations in (11) and (41) were not equal, then by (36)
there would be some type of player "Qsay the first one 6 , and some messages @ hx 8
such that

06 40 o h« 60 400 oh«a s« OO 0 ha &

‘06 40 o h« 60 400 oh«a s« OO 0ha 4 o o ha a
The inequality implies that the pair of random variables «and 0 6 h« is not independent
of0 o6 h« HO 0 h« IB.However, if the canonical mechanism O has property 0, then

is follows from (6) that such independence does in fact hold, so that the above inequality
cannot hold, which proves that ,, is a correlated equilibrium. ¢

Proposition13. For CEDs, ™Y & 0 .

Proof.It suffices to show that for every correlated equilibrium ,, with a mechanism O that
satisfies U there is another correlated equilibrium ,, with a mechanism O that satisfies "Y
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and U such that the two correlated equilibria have identical CEDs. The correlated
equilibrium ,, and the mechanism O are constructed below. The construction uses a random
variable »that is uniformly distributed on the half-open interval Tdp and is independent of
O . (The assumption of uniform distribution, which is inconsistent with the definition of
random variable in footnote 2, is only temporary. Below, »is replaced by a random variable
that is defined on a finite probability space.)

The idea of the proof is to encode the messages that the mechanism O sends in a particular

way. Suppose, without loss of generality, that these messages are integers, more specifically,

that the (finite) message space of each player "(has the form 0 pltF8 . Since property

0 of the mechanism implies 0, the (random) message 0 0 to player "(has a distribution

function'q, G Kl 4G 2y f & RSLISYRA & Vhusiifd&yol @ SNRa 24y

Qi 0@ oM i h H | H3
The mechanism O combines the messaged 0 and the random variable »in the following
manner:
O o »G 0O o p »Q O 0 p38 (42)

It is not difficult to see that the random variable @ & is uniformly distributed on the unit
interval for every ‘@nd 0. Therefore, the mechanism O O 0 . satisfies"Yaswellas 0.
Note that, strictly speaking, the above construction does not conform to the definition of
mechanism since the message spaces are infinite. A variant that does not have this problem
is described below.

The next step is to define the correlated strategy ,, . For each player 'Q, is defined by

, oM ., O om ,wheref A& | Fdzy Ol A2y mésddgeii o4aRdS O2 RS &

recovers the original messaged 0 :
r ol [T Ela N0 ~'Q & w8

By virtue of this decoding, , always specifies the same action as ,, . Since, in addition, the
messages that the players receive from the mechanism O convey precisely the same
information as those from O, this proves that , , like ,, , is a correlated equilibrium.

It remains to replace the uniformly-distribution random variable »with one that has only
finitely many possible values, specifically, with the random variable * », where * is a real-
valued function with a finite range. The first step is to consider the (finite) set

© G gy

of all values that may appear in the first term in (42). The next step is to modify the
definition of the mechanism O by changing the message that it sends to each player "(rom
O o (whichisdefinedby (42)to_ O 6 ,where_dfp © 1ip is the left continuous
function definedby _ ¢ | ETé N & @ . This change is inconsequential. Since
awaysb 0 _0O O "Q, O 0 ,applying the decoder[ to the modified message
_0O o stillrecoversO 0o.Letthefunction‘ d,mip © Tip be defined by

46

GgetL

£



S B @ e p I G a p
‘1 T Agnm i pIl _iQg a p 1"y a p 8
i Al O/ 1

Itis not difficult to see that the function * is well defined and, as required, has only finitely
many possible values. The final step is to replace »in (42) with* ». By definition of * , this
replacement does not change the message_ 0 o0 . *

Proposition14. For CEDs, "YiOy “"YiOand "YiO s "YO.

Proof.To prove that "YiO+ "YAQ, it has to be shown that every CED implementable by a
mechanism O with properties “Yand “Qs also implementable by a mechanism with
properties “Yand O

Property “Yof 0 means that for every type profile 6and player "he distribution of 0 0
does not change when only player @ & & édnifes. In other words, the distribution only
depends on “@nd the partial type profile & . Therefore, itis possible to construct a family

o of independent random variables, indexed by the players and partial type profiles,
such that each entry »1  has the distribution described above. For each ¢, define

oo »h h B 8

Thus,
OO0 O oh @GRy "8 (43)

The mechanism O 0O O . has properties “Yand "Qoy construction. Since O also has
property "Qit follows from (43) that

06 0O oh oy (44)

which shows that the two mechanisms are functionally indistinguishable. It is not difficult to
see that a correlated strategy with one mechanism is a correlated equilibrium if and only if
the same correlated strategy is a correlated equilibrium with the other mechanism.
Therefore, the two mechanisms implement precisely the same CEDs.

An almost identical proof shows that "YiO + "YiO . The only required change it to assume
that the mechanism O has properties “Yand ‘O. This assumption implies that for every 0the
distribution of 0 0 is degenerate, which by (44) implies the same for &0 0 . Thus, O
satisfies O. 4

Proposition15. For CEDs, "Y)FOus "YhHOw "WihHOow "™MiROw 0UHOw (HOw
0~ "Oand "YWHO v "YWHO v "WIHO ¥ ™IRO v 0RO v OHO ®
0~ O .
Proof.In view of Lemma 4, it suffices to show that if the canonical mechanism O of a CED —
has property O as well as "@r ‘O, then — is "Yi) F@or "Yaj HO-implementable, respectively. It is

shown by Proposition 6 that, as a CSD, — is indeed thus implementable. The proof of that
proposition refers to the proof of Proposition 1, where it is shown that the mechanism O
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defined by (23) has the relevant three properties, and with that mechanism, the correlated
strategy ,, defined in (26) gives —. Therefore, it only remains to show that the correlated
strategy ,, with the mechanism O is in fact a correlated equilibrium.

As shown in proof of Proposition 12, ,, is a correlated equilibrium with the mechanism Cp
defined by (36). This mechanism and O are both based on the canonical mechanism O, and
the second can be obtained from the first by selecting a particular type profile © and setting

06 po h ov"8 (45)
Therefore, to complete the proof it suffices to show that

0o meoh o™

so that O and Opare functionally indistinguishable. To show this, it suffices to establish that
replacing O in (45) with any other type profile © would not chance the distributionof 0 0.
By (25), a sufficient condition for this invariance is that, for all "Q0 and &

0@ oh ® 0@ om w8
This condition holds since, by assumption, 0 has property 0. ¢

5.2 Implications
By Proposition 11, an implication relation that does not hold for CSDs also does not hold for
CEDs. Therefore, an immediate corollary of Propositions 7, 8, 9 and 10 is the following result.

Proposition16. For CEDs, "Y)iOg O, YO g 0, 0 g3 0 and Y g O

The next three propositions identify implication relations that do not hold for CEDs even
though they hold for CSDs.

Proposition17. For CEDs, O g Y.
Proof.This is proved by Example 2. u
Proposition18. For CEDs, Y g Y.
Proof.This is proved by Example 3. 4
Proposition19. For CEDs, "YO g "Yi .
Proof.This is proved by Example 6. 4

Propositions 12, 13, 14 and 15 identify six attributes of correlated equilibrium distributions
that are defined by subsets of the properties of mechanisms defined in Section 2.2. These
attributes plus "Yimplementability are shown in Figure 2 as attributes I,, Il, lll, IV, V, VI, and
VII. The implication relations that are specified by the Hesse diagram among these attributes
all hold trivially (since they follow immediately from relations between properties of
mechanisms). By Proposition 16, additional implications among the seven attributes do not
hold, and in particular, none of them is equivalent to any of the others. (The more detailed
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argument given in Section 4.3 also applies here, mutatis mutandis.) Three more attributes
aredefinedby , "Yand w (I, I and Vlin Figure 2). The implication relations shown in
Figure 2 among these attributes and between them and the other seven all hold trivially. It
follows from Propositions 17 and 18, and from "Yi)FOg ‘O in Proposition 16, that
additional such implications do not hold. Two more attributes are defined by "Yiy and O
It follows from Proposition 19, and from "Yi) g "Oin Proposition 16, that the implication
relations shown in Figure 2 between each of these attributes and each of the other ten are
the only ones holding. This proves that there are precisely twelve distinct attributes of CEDs
that can be defined by single subsets of the properties of mechanisms in Section 2.2.

As indicated in Section 3.2.1, attributes I, II, IIl, IV, V, VI and VIl of CEDs are obtained from
the similarly numbered attributes of CSDs by restriction. That is, a CED has any of these
attributes if and only if it has the corresponding attribute as a CSD. This result is an
immediate corollary of Theorem 1, which is stated in Section 3.2.1 and is proved below.

Proof ofTheoremil. Suppose first that y P 0 RORQ, and let — be a CED that is v -
implementable as a CSD. By Lemma 4, the canonical mechanism of — has all the properties in
V. Therefore, by Corollary 1, —is ¥ -implementable also as a CED.

Next, consider the case V 0 . As remarked in Section 4, for every 0 -implementable CSD
— there is a mechanism O with property 0 that is functionally indistinguishable from the
canonical mechanism. If — is moreover a CED, then by Corollary 1 the canonical strategy with
the canonical mechanism is a correlated equilibrium, and the same is therefore true with the
canonical mechanism replaced by 00 . Hence, — is U -implementable also as a CED.

To complete the proof of the theorem it remains to note that, by Proposition 6 and 15, for
both CSDs and CEDs, O i@mplementability and 0 i@mplementability are equivalent, and the
same is true for 0 FO- and () KO-implementability. o

5.3 Conjunction of attributes

The next step is to consider attributes of CEDs that are defined by pairs (or possibly triplets,
etc.) of subsets of properties of mechanisms, that is, by conjunction of two (or more) of the
twelve attributes identified above. Unlike for CSDs (see Lemma 5), genuinely new attributes
can be defined this way. For example, it follows from the second part of the next proposition
that the conjunction of "Yimplementability and ‘O-implementability is a new attribute.

Proposition20.For CEDs, Y~ O & Y~ 'O + "™Obut Y~ O g "YO.

Proof.To prove the first part of the proposition, it suffices to show that "Y~ 'O + "YiQ,
the equivalence then follows immediately from the trivial implications “WO+ “Y+ Y.

Consider a CED — that is both "¥ and ‘O-implementable. It has to be shown that — is also "Yi®©
implementable. By the assumption of O-implementability and (condition (i) in) Proposition
4, there is amapping %o %o 6o B 6o YO O suchthat— P60 - 0 forall
type profiles 0. By the assumption of “Yimplementability, there is a correlated strategy ,,
with a mechanism O satisfying "Ysuch that — is equal to the joint distribution of the random
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type profile <«and the random action profile =|=defined by (7). In particular, for every
o oMM ~O00OBH,

— OO

0Q ofb 0 % 0 & OQAG B %0s« 0 3 p8

Therefore,
+ , 40 <« % <h Q08 (46)
Let the mechanism O be as in the proof of Proposition 14. By (43) and (46),
, 40 < % < Q068

Therefore, using the correlated strategy ,, with the mechanism O instead of O also gives
the distribution —. Moreover, if O is used and a single player “®hanges his strategy from ,,

tosomeotherstrategy, = G KS LI I @ SNN& SELISOGSR LI &2FF OKL y-=
06 4, <O <[P <« .By(43),thisnew payoffisequal to

06 «, <40 <o <« h
whichby 46)is'@a SELISOGSR LI &e2FF AT KS dzfoh fwhahSNI £ £ & O
the correlated strategy ,, is used with the mechanism O (rather than O ). Since with this
mechanism the correlated strategy is a correlated equilibrium, "Q éhange of strategy cannot
increase his expected payoff. This proves that ,, is an equilibrium also with the mechanism
O, which by construction satisfies “Yand "O

The second part of the proposition is proved by Example 4.2 &

It follows from the next proposition that the conjunction of “Y¥implementability and "'©
implementability is a new attribute.

Proposition21. For CEDs, Y~ O g "YiO.
Proof.This is shown by Example 5. 4

Whether the conjunction of “Yimplementability and "@mplementability is also a new
attribute of CEDs is not known. It depends on the answer to the following question.

OpenQuestion For CEDs, does Y~ O + "Y?

This question corresponds to the question mark in Figure 2. The marked line in the Hesse
diagram exists if and only if the answer is negative, which means that there is a CED in some
Bayesian game that is both "¥ and "@mplementable but not "Yimplementable. If the answer
is affirmative, the two attributes of CEDs connected by the line (IV, and the unnumbered
attribute) are actually one and the same, that is, they are equivalent attributes.

2! parenthetically, an argument broadly similar to that used above shows that Y~ O + YO
would hold if it were assumed that the type distribution — has full support,i.e, OOBD  "Y(so
that every type profile has positive probability).
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Depending on the answer to the Open Question, there are two or three attributes of CEDs
that can be defined as the conjunction of a pair of incomparable attributes of the twelve
ones presented above. Thus, there are in total 14 or 15 attributes of CEDs, which are related
to one another as in Figure 2. The following lemma shows that this list is complete in that
there are no additional, nonequivalent attributes that can be defined as the conjunction of
two or more of those in Figure 2. This result holds regardless of the answer to the Open
Question.

Lemma6. The conjunction of any number of the attributes of CEDs in Figure 2 is equivalent
to one of the attributes in the same figure.

Proof ofLemma6t (an outline). Proposition 15 proves the two special cases of the
conjunctions of 0 -implementability and either ‘O- or "‘@mplementability. For the general
case, it has to be shown that for every listy fv /8 P "YiYa iy FORO, the conjunction
Vv © v " E is equivalent to one of the attributes in Figure 2. (It suffices to consider lists
with three or fewer entries, since in any longer list at least two elements represent
comparable attributes.) This can be shown quite easily in a straightforward, case-by-case
manner. o

6 Communication Equilibrium Distributions

As for correlated strategy distributions and correlated equilibrium distributions, different
kinds of mechanisms implement different kinds of communication equilibrium distributions.
Specifically, for each subset V of the six properties of mechanisms described in Section 2.2, a
MED is V -implementable if it is given by some communication equilibrium with a
mechanism that has (all) the properties in ¥ . This section, like the previous two, is mainly
concerned with the implication relation between these attributes, and conjunctions of
several attributes. Implication is denoted by the generic symbol + when it is clear from the
context that it refers to attributes of MEDs. Otherwise, the more explicit symbol + is used.

As it turns out, a necessargondition for the implication to hold is that a similar relation
holds for CEDs. The proof of the following proposition is given at the end of this section.

Proposition22. For every two subsets ¥ ik P "Yi"Yaj i) HORO,

V + N A YLIVAS &8 (47)

Moreover, the same is true with V replacedbybyy = v ~ E foranylisty fv 8 of
subsets of “YAYA) h) hohio

Since by definition every MED is also a CED, it may seem that the reverse of the implication
(47) also ought to hold. However, as remarked in Section 3.3, Example 7 shows that this is in
fact not so, which is why the Hesse diagrams of the implications relations between attributes
of CEDs (Figure 2) and between attributes of MEDs (Figure 3) are different. However, the
differences only concern conjunction of attributes. As shown below, for attributes that a
defined by single sets for properties of mechanisms, the implication relations for CEDs and
MEDs are identical.
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6.1 Equivalences
The following propositions parallel those in Section 5.1. Thus, they identify instances in
which the reverse of (47) also holds.

Proposition23. For MEDs, Y & ™Y & 0 .

Proof.It has to be shown that for every communication equilibrium ,, with a mechanism 0O
that has property 0, the resulting MED — is "Yi) -implementable.

Unlike in the proof of Proposition 12, the mechanism O is not necessarily canonical.
Nevertheless, without loss of generality, it may be assumed that it satisfies (6). Otherwise,
O could be replaced by any mechanism O satisfying (6) such that

oo Ooh ov"8

These equalities imply that O also has property U, and it is not difficult to see that ,, with»
is also a communication equilibrium, since for any profile of reported types, the messages
that O sends are indistinguishable from those of OO .

Consider the correlated strategy , and the mechanismp [ O . , which are defined,
respectively, by (26) and the following generalization of (36):
o , ofb o h ofm oM M h @68

Arguments similar to those used in the proof of Proposition 5 show that Cbhas properties Y
and 0. It has to be shown that, with this mechanism, ,, is a communication equilibrium. That
is, for every player "Qtype 0 for that player and function,, Y 0 © 0,

006 ¥ o %F s« ™ (48)
where =|= is the random action profile corresponding to ,, and =|= is obtained from (13) by
replacing, ,, andO by, ,, and0Og respectively. Obviously, it suffices to consider the

(effectively, completely general) case ' Q pand 0 0, for which

+ , <4ipb « , 40 «h Q0 (49)
and
+ , «iip 0h« , <h, o0 oh«e h of0 oh«a M h
+ , «ib 0h< , 40 oh<d h "Q p8

If (48) does not hold (for 'Q p), then there are some & and & hx F8 such that
06 # <« 0 ohe a0 Ohae G M 006 s« 0 8

It follows from properties () and (6) of O that the pair of random variables €nd 0 0 h<
isindependentofC O h« (O 0 h« 8. Therefore, the above inequality is equivalent
to
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06 4w, <« oh«a h <0 oh«a B, <O 0he < o0 (50
00 s« 0 h
where,, Y 0 © 0 isthe function defined by
, Ol , Oh, ofd K of K ol B 8
However, in conjunction with (49), inequality (50) contradicts the assumption that ,, with
the mechanism O is a communication equilibrium, since it shows thatwhen LJt | @ SNJ mQa & @& LIS
is O , he can gain from misreporting it as © and switching from, to, .The contradiction

proves that the correlated strategy ,, with the mechanism Opis a communication
equilibrium. ¢

Proposition24. For MEDs, Y & 0 .

Proof.ldentical to the proof of Proposition 13. ¢

Proposition25. For MEDs, "YiOy "YiOand "YO & "YO.
Proof.Identical to the proof of Proposition 14. ¢

Proposition26. For MEDs, “Yi) iOs "YiHOs "WihOos ™FOw 0HOw O(ROw
0~ O and WHO 8 "™WHHO v "™AWHO v ™YWHO & 0HO v 0RO ®
0~ O .

Proof.It sufficestoshowthat 0 = "O + "™A)HO, and similarly with "Qeplaced by ‘O. By
Proposition 15, both implications hold of CEDs, and the result that they also hold for MEDs

follows immediately from the fact that a "Yi) F@mplementable CED is automatically a MED.
o

6.2 Implications

Implication (47) in Proposition 22 can equivalently be expressed by its counterpositive: If a
counterexample of a Y -implementable CED that is not X-implementable exists, then a
similar counterexample can be found for MEDs. Finding the latter can be easy or quite
complicated. The former holds if the CED example employs a correlated equilibrium (with a
mechanism with the properties in V) that is also a communication equilibrium: players have
no incentive to lie about their types. In this case, the same example can be used for MEDs,
since a CED that is not X-implementable a fortiori does not have that attribute as a MED.
The proofs of the following two propositions use this simple observation.

Proposition27.ForMEDs, 0 g 0, ™YW g 'O YO g U and "YWHOg ©O.

Proof.Proposition 16, which establishes the same for CEDs, relies on Proposition 11.
Therefore, it suffices to show that a result similar to the latter holds with correlated
equilibrium (distribution) replaced with communication equilibrium (distribution). This can
be shown by simply making this replacement throughout the proof of Proposition 11.  #

Proposition28. For MEDs, O g Y.
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Proof.The correlated equilibrium with the mechanism with property ‘O that is described in
Example 2 is in fact a communication equilibrium. If player 2 lies about his type, player 1 will
get as a message an incorrect type profile and will consequentially choose an action for
which a positive payoff for 2 is impossible. For a similar reason, player 1 cannot gain from
lying; in this case, the lie will only affect type p of player 2. The MED of this communication
equilibrium in not “Yimplementable since, as shown, it does not have this attribute even as a
CED.

Even if the correlated equilibrium that proves that a certain implication does not hold for
CEDs is not a communication equilibrium, it may be possible to make truthful type reports
incentive compatible by augmenting the original game with a suitable auxiliary game and
modifying the mechanism and correlated strategy accordingly.

Suppose, for example, that each of the two players in a Bayesian game can have type p or

p, and all four type profiles are equally probable. The game can then be modified by
adding to it an auxiliary game that requires each player to push one of three buttons, 6 , 6
or 0 . Depending on both players(hoices of button and on their types, a very large number
0 Tuis then either added to or subtracted from their payoffs in the original game.
Specifically, the change in payoffs ( 0 or 0) is determined according to the following
table, where the rows and columns correspond to the choices of player 1 and 2, respectively,
and T 0 0 isthe product of their types:

6 o
0 fo t0 0]g
) o to Tt
0 to 0 160

Thus, both for t pand for p, three cells in the table represent reward and six
represent punishment. Any mechanism in the original game can be turned into one in the
augmented game by appending to the message it sends to each player, which pertains to the
original game, a recommendation of button in the auxiliary game. The latter is determined in
the following way. The mechanism attempts to identify the drewardingé cells by calculating
the product of the playersQeported types, it randomly selects one of these cells (each with
probability p¥o), and it recommends its row and column to player 1 and 2, respectively. As
detailed below, the feature of the mechanism that encourages truth telling is that
misreporting will result in misidentification of the rewarding cells. Note that, for any pair of
(reported) types, the recommendation to each player is equally likelytobe 6 ,6 or6 .
Therefore, the modified mechanism has property “Yor 0 if the original mechanism has the
same property. It cannot, however, have any of the other four properties of mechanisms.
(With a somewhat more sophisticated auxiliary game, it is possible to also retain property °Y)

To any correlated equilibrium in the original game there corresponds a communication
equilibrium in the augmented game. In that equilibrium, the mechanism appends
recommendations as described above, each player pushes the recommended button, and
plays in the original game according to the original correlated equilibrium. To see that
truthful type reports are incentive compatible, suppose that, for example, button 6 is
recommended to type p of player 1. If both players reported their types truthfully and they
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follow the recommendations of the mechanism, the player can infer that player 2 will

choose 6 ord ifhistypeis por p,respectively, and in both cases, the players will get

the reward O . However, if (only) player 1 misreported his type, then LJt | @ SNJ H Q& Ge& LIS KI
opposite relation with his action. Player 1 must then choose & oré A ¥ H Qapoll &LJS A &
respectively; otherwise, 0 will be subtracted from rather than added to his payoff. Since the

LX F @SNRQ GelLlSa | NB AhRBdagyhRBtyanzoimKAa YSFya GKI
expectation. Thus, dishonesty does not pay.

Proposition29. For MEDs, Y g Y.

Proof.Consider the Bayesian game and the “Y but not “Yimplementable CED presented in
Example 3. This CED is not a MED. However, a communication equilibrium with a mechanism
that has property “Ycan be obtained by modifying the game and the correlated equilibrium
described in the example by adding an auxiliary game as above. The corresponding MED is
not "Yimplementable even as CED. It is not difficult to see that, if it were “Y¥implementable,
the same would be true for the original CED.  #

The proofs of the next two propositions involve more particular modifications of the original
counterexamples (that is, those refereeing to CEDs).

Proposition30. For MEDs, "YO g "Yi .

Proof.Consider the following changes to the game and CED in Example 6. Both players can
have type por p,and all four type profiles are equally probable. [F G KS LI @ SNBQ (& LJ
differ or are identical, they both receive the payoff specified by the matrix

oY 0 Y _
0 m m 1T O p mh
Y 1 opd Y mop

respectively. With the mechanism described in Example 6, the correlated strategy of
following the mechanismQa NX O2 Y Y Sy Rdorielated ¥quilibhugn. Far @ plaferfof
any type who receives the message 0 and takes that action, the expected payoff is

pfctm pAgtp ™, whereas playing 'Yinstead would only yield pf¢ t p¥q t p® pAGt
T T X.Uf the message is 'Y, taking that action gives T@ X while playing O would give Tt
This correlated equilibrium is moreover a communication equilibrium. If a player misreports
his type, he will maximize his payoff by taking the recommended action, since this is also the
action that the other player will take if the (real) types differ (and if the types are identical,
then the expected payoff from any action is T@). Thus, a dishonest player cannot get more
than pfqtpZctp® pIctm® 1@ ¢,whichislessthanthe pfgtm® pXgtm® X v
@ Y xadruthful report would yield.

It remains to show that the corresponding MED is different from that given by any

communication (or even correlated) equilibrium ,, with a mechanism that has properties “Y

and 0. The messages that such a mechanism sends to the players can be writtenas™d 0 ,

for arbitrary type profleo® { Ay OS GKS LI F@8SNRQ OlA2ya NS AR
necessarily
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., pm o h po o ., po o h pmo o 8 (51)

IfO o issuch that the left- (and, hence, also the right-) hand side equals ORY or

Y |, respectively, then type por p of player 1 will get pZ¢ t p from taking the action 0
he is supposed to take but pfc t p@® from playing Y. Therefore, with probability p all four
actionsin(51)Ydza i 06S ARSYUGUAOlFIfX ¢gKAOK &aK2ga GKIG GKS
actions may differ, cannot be obtained. ¢

Proposition31. For MEDs, Y~ O g "Yi0and WO O g "YO.

Proof.The first part is proved by Example 7. To prove the second part, consider the following
changes to the game and CED in Example 4. Player 2 has the constant payoff 1, and he is
allowed to choose action 'Y as well as 0. Choosing "Y rather than 0 reduces by o the payoff of
type 0 of player 1, and has no effect on the other payoffs. The two mechanisms considered
in Example 4 and the corresponding correlated equilibria are modified as follows. Both
mechanisms instruct player 2 to play "Yif player 1 reports the type 0 and to play O
otherwise, and player 2 obeys. Clearly, this means that type 0 of player 1 has an incentive
to report his type truthfully. The same is true for type 0 , for whom the CED gives the highest
possible payoff. &

An alternative proof for the last proposition could be obtained by using the following simple

and generally applicable modification of the game and correlated equilibria in the original

example.ly 3G SR 2F OKI y3IAy3d adnkwsplayelfiskaddies tdEeganteOG A 2y & LI
This dplayer T& has a single type, and his action space is the collection "Yof type profiles of

the original players. If the action he chooses coincides with the 2 NJ&A 3 A Yy I actualiyfpd & S NE Q
profile, everyone gets a huge bonus. Any correlated equilibrium in the original game can be

modified as follows. The mechanism sends to player 0 the type reports of the other players,

and he chooses the corresponding action. This obviously creates an incentive for the players

to report their types truthfully, and thus turns the correlated equilibrium into a

communication equilibrium (in the modified game). If property “Y"Y“@r ‘O holds for the

original mechanism, the modified one also has the same property.

The following proposition uses this construction to show that if the answer to the Open
Question presented in Section 5.3 is negative, then the same is true for MEDs. Note that if
the answer will turn out to be affirmative, the proposition is uninformative, since its
assertion holds vacuously.

Proposition32. If, for MEDs, “Y~ “O t "Y, then the same is true for CEDs

Proof.Suppose there is a CED — in some Bayesian game which is not "Yimplementable but it
is given by some correlated equilibrium ,, with a mechanism O that has property “Yas well
as by a correlated equilibrium ,, with a mechanism O that has property “Olt has to be
shown that a MED with similar properties also exists.

Modify the game and the two correlated equilibria that give — by adding a new player, as
detailed above, thus turning ,, and,, into communication equilibria, whose MEDs are

identical. The MED assigns nonzero probability only to pairs of type and action profiles in
which the former coincides with the action of player 11, and the probability in this case is

56



equal to that assigned by — to the pair obtained by omitting player tQa . Awi A 2 v
communication, or even just correlated, equilibrium that gives this MED can be turned into a
correlated equilibrium in the original game (in which — is a CED) simply by omitting the
message to player tand the corresponding coordinate of the correlated strategy. If the
mechanism had property “Y the omission would not affect it. It therefore follows from the
assumption concerning the CED — that a mechanism implementing the MED cannot in fact
have property Y &

Propositions 23, 24, 25 and 26 identify six attributes of communication equilibrium
distributions that are defined by subsets of the properties of mechanisms described in
Section 2.2. Figure 3 shows these attributes, marked Il, Ill, IV, V, Vi, and VII, and eleven
additional ones. The implication relations that are specified by the Hesse diagram among
these 17 attributes all hold trivially, since they follow immediately from relations between
properties of mechanisms. For two of the implications, it is not known whether the inverse
implication also holds. The uncertainty is indicated in Figure 3 by a question mark. If the
inverse implication does hold, then the marked line should be removed and the two
connected boxes should be coalesced, as they represent equivalent attributes. The following
arguments show that none of the other attributes in Figure 3 are equivalent, and more
generally, that the Hesse diagram shows all the implication relations between attributes of
MEDs.

If attributes that involve conjunctions were removed from Figure 2 and Figure 3, the two
Hesse diagrams would become identical. In Section 5 it is shown that, among the remaining
twelve attributes of CEDs, the implications shown in the diagram are the only ones holding.
Essentially the same arguments prove the same for MEDs, with Propositions 27, 28, 29 and
30 replacing 16, 17, 18 and 19, respectively. For each of the attributes in Figure 3 that does
involve conjunction, it follows from Proposition 31 that the only other attributes that imply
or are implied by it are those indicated as such by the Hesse diagram. This proves that the
diagram is complete in terms of implication relations. The following lemma shows that it is
also complete in terms of closedness under conjunctions.

Lemma?. The conjunction of any number of the attributes of MEDs in Figure 3 is equivalent
to one of the attributes in the same figure.

Proof ofLemmar. The proof is similar to that of Lemma 6, except that is uses Proposition 26
instead of 15.

It is now possible to show that the implication relation + between attributes of MEDs is
indeed stronger, in a sense, than the corresponding relation for CEDs.

Proof of Propositio@2. It suffices to consider V and X that belong to the group of 27
subsets shown in Figure 2 and Figure 3 (see Section 1). As indicated, if attributes that involve

conjunctions are removed from these diagrams, they become identical. This proves the
implication (47) as well as the reverse one.

For the more general version in which v isreplaced by v = Vv , it suffices to consider the
case inwhichy -and Vv -implementability (of CEDs, or equivalently MEDs) are
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incomparable; the case in which they are comparable reduces to the version just analyzed.
Consider the meet (greatest lower bound) of v -and ¥V -implementability in Figure 3, and
their meet in Figure 2. The two are not necessarily similar in any sense. The former is an
attribute of MEDs and the latter an attribute of CEDs. However, an exhaustive
straightforward examination shows that, with a single exception, for all XN P "YA"Yi) h FORO,
if the first attribute implies X-implementability in Figure 3, then the second one does so in
Figure 2 (but not necessarily conversely). The single exception is the case covered by
Proposition32: v andV are "Yand ‘O,andX  "Y. This proves the version of (47) in
which V isreplacedbyy = v .

For the version in which the list V fiv F8 has three or more elements, it again suffices to
consider the case in which no two elements describe comparable attributes. It is, however,
not difficult to check that this means that, in both diagrams,¥ = v ~ E is (equivalent to)
attribute VII. Therefore, the version of (47) in which V is replacedbyy = v ~ E holds
trivially.#

7 Correlated Strategy, Correlated Equilibrium and

Communication Equilibrium  Payoffs
The expected payoffs of the players in a Bayesian game are completely determined by the
joint distribution of the LJt I &ypeaddndactions. However, the relation between
distributions and payoff vectors is normally many-to-one. Therefore, if a particular
correlated equilibrium distribution cannot be implemented by a mechanism of a particular
kind, it does not necessarily follow that the corresponding payoff vector is not
implementable; it may be that a mechanism of that kind implements another CED with the
same payoffs. Games with constant payoff functions provide a trivial example of this. In such
games, a CED is implementable if and only if it is implementable as a CSD, so that the
connection between implementability of distributions and the properties of the mechanism
is as detailed in Section 4. By contrast, the single possible payoff vector is of course
implementable by any mechanism.

Correlated strategy payoffs (CSPs), correlated equilibrium payoffs (CEPs) and communication
equilibrium payoffs (MEPs) in Bayesian games can be classified in a manner similar to the
classification of CSDs (Figure 1), CEDs (Figure 2) and MEDs (Figure 3). Each subset V of the
properties of mechanisms described in Section 2.2 defines an attribute of CSPs, CEPs and
MEPs, namely, ¥ -implementability. A payoff vector0 0 Fb B N p  in a specified
¢ -player Bayesian game is V -implementable if it is obtained in some correlated strategy,
correlated equilibrium or communication equilibrium in the game with a mechanism that
has (all) the properties in ¥ (equivalently, if it is obtained in some CSD, CED or MED,
respectively, that is implementable by such a mechanism). For two subset ¥ hix P

“Yi'Ya) Ay AFORO, v -implementability of CSPs implies X-implementability if in every Bayesian
game every CSP that is implementable by some mechanism with the properties in V is also
implementable by a mechanism with the properties in X. This relation is writtenasy t+ X.

For CEPs and MEPs, the relationsy + NandV + N are definedin a similar way.
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The main result concerning implementability of payoff vectors is Theorem 4 (Section 3.5).
According to this theorem, which is proved below, both aspects of the equilibrium
outcomes, the joint distributions of types and actions and the resulting payoffs, are affected
by the properties of the implementing mechanisms in a similar way. More precisely, there is
a one-to-one correspondence between attributes of CSDs and attributes of CSPs, which are
both described by the Hesse diagram in Figure 1, and similar correspondences exists
between attributes of CEDs and CEPs (Figure 2), and between attributes of MEDs and MEPs
(Figure 3). Note that the example of a game with constant payoffs does not contradict these
findings. The properties of the implementing mechanism need only limit the equilibrium
payoffs in someBayesian game. They do not have to (and they cannot) come into play in
every game.

Proofof Theorem?. The proofs for correlated equilibria and for communication equilibria

are nearly identical. Only the former is presented below; the latter can be obtained from it
SaasSyidAalrtte o0& NBLXIFOAY3I WO2 NMbpiobfloSRQ A G K W02
correlated strategies can also be easily obtained from the proof below by simplifying it in the

obvious manner.

It has to be shown that, for every v ik P "YiYi) iy FORO,

Vi NAFT YR 2whe AT (52)

and that the same is true with v replacedbyy =~ v ~ E, foranylisty fv F8 of subsets of
"Y' Ya) ) feoffO. One direction of (52) 6 & As€asyw g Nandy + X cannot both hold,

since the former means that, in some Bayesian game, there is a ¥ -implementable CED —
with a payoff vector that is different from that of every X-implementable CED in the same
game, whereas the latter implies that — itself is X-implementable.

To prove the nontrivial direction of (52) 6 & 2 Yy fdéfineAh& €xi@nsiorof a Bayesian game
as the game obtained by the addition of dummy playest one for each element of Y 0.A
dummy player has only one possible type and one action, which are therefore insignificant in
that they cannot affect the payoff of any player. In the following, the types and actions of
the dummy players are ignored, and the collections of type profiles and action profiles in the
extended game are thus identified with those in the original game (namely, “Yand 0,
respectively). The significance of the dummy players lies in their payoff functions. The payoff
function 6 Y 0 © p of the dummy player representing the types-actions pair

o N Y 0 is defined as the indicator function p , which returns p if the argument is
equalto ohd andmm2 G KSNBAASP ¢Kdza>X GKS RdzvigpésandJt I @ SNB Q LI
actions of the original, real players. In particular, for every correlated equilibrium
distribution — and every element ot of 'Y 8, the expected payoff of the corresponding
dummy player is equal to—  od . It follows that two CEDs in the extended game, — and
—, give the same CEP if and only if they are equal, — —.

Every mechanism in the original game can be extended in a natural way to a mechanism in
the extended game by sending arbitrary constant messages to the dummy players. The
original and extended mechanisms have the exact same properties in "Yi"Yi) i hiiO, and in
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the following they are identified. Using this identification, every correlated strategy in the
original game can be extended in a natural way to a correlated strategy with the same
mechanism in the extended game by assigning to each of the dummy players his single
possible strategy. Observe that:

1. the original correlated strategy has the same distribution as the extended one (recall the
above comment regarding the identification of profiles in the original and the extended
games), and

2. one of themis a correlated equilibrium if and only if this is so for the other.

Moreover, every CED in the extended game can be obtained in the above manner from
some CED in the original game. The former may be the distribution of a correlated strategy
with a mechanism that sends variable messages to some dummy players. However, these
messages are inconsequential (since a dummy player has only one possible action) and
hence can be replaced by constant ones. Such replacement preserves each of the properties
"Y*Y0, 0, wand 'O

Suppose now thaty + N. Then, for every ¥ -implementable CED — in the extended game
there is a X-implementable CED — in the same game with the same payoff vector. As
indicated, necessarily —  —, so that —is also X-implementable. It follows, by Observations 1

and 2 above, that every V -implementable CED in the original game is also X-implementable.
This provesthaty + KX.

Inspection of the above proof of (52) reveals that it applies virtually unchanged also to the
more general version in which v isreplacedbyy ~ v ~ E.

§ §

§ §
M [Th
- -

< K
< K
M [Th

§ §

§ §
M [Th
- -

Figure4. Hesse diagram of the implication relations between attributes of (equilibrium) outcomes in Bayesian
games: correlated strategy payoffs (CSPs), correlatdtegy distributions (CSDs), correlated equilibrium
payoffs (CEPSs), correlated equilibrium distributions (CEDs), communication equilibrium payoffs (MEPs) and
communication equilibrium distributions (MEDs). A box represents a pair of equivalent implicatelations:

for all subsets h h 8 and” of (the set of properties of mechanismsyi|hERERAE, one implication

holds is and only if the other holds. A line represents only eway implication (between implications):
whenever an implication relation in the lower box holds, so does each implication relation in the higher box.
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8 Summary

The three Hesse diagrams in Section 3 refer to different notions of outcomes or solution
concepts. Specifically, they present the implication relation between attributes of correlated
strategy distributions or payoffs (Figure 1), between attributes of correlated equilibrium
distributions or payoffs (Figure 2), and between attributes of communication equilibrium
distributions or payoffs (Figure 3). However, since in all six cases the attributes are defined in
terms of properties of the implementing mechanisms, the implication relations themselves
are potentially comparable. Indeed, the results in the previous sections (Propositions 11 and
22 and Theorem 4) show that each of these relations implies or is implied (or both) by each
of the others. This implication relation between implication relations is shown by the Hesse
diagram in Figure 4.

The Hesse diagrams in Figure 1, Figure 2, Figure 3 and Figure 4 together imply that the
number of classes of CSDs (and CEPs) is strictly smaller than the number for CEDs (and CEPs),
and the latter is strictly smaller than the number of classes of MEDs (and MEPs). Only the
first of these numbers is precisely known: seven. The second number is either 14 or 15
(depending on the answer to the Open Problem presented in Section 5.3) and the third
number (which, as indicated, is strictly greater that the second) is 15, 16 or 17.

Correlated and communication equilibria can both be viewed as special cases of a model in

which the messages that the mechanism sends to the players may depend on both their true

and reported types. The dependence on the latter may be of little significance if there are no
fAYAGIGAZ2Y A 2y (K SormérSHOeVer/ theprésensisetazis S 2 F G K S

constructed specifically for facilitating analyzing such limitations and their significance. Thus,

suppose for example thatonly OS NI F Ay ' 33INBIF 4GS RFEGF &8I NRAYy I (
available to the mechanismz S ®3®d> | aOKSOladzyé 2F (G(KS GeLlSao
truthful type reporting may be detectable even if the profile of reported type in not itself

impossible, but not so for the identity of the player who lied about his type. The meaning of

a correlated strategy in this general setting is the same as in the two special ones: it

translatesi KS Y SOKI y A a Y §pe-dépéhdant actib for the glayeds. A natural

requirement, which generalizes both correlated and communication equilibrium, is that it is

incentive compatible for players to truthfully report their types and take the actions that are

indicated by the messages they receive. The question arises, how different limitations on the

mechanism affecttheodzii O2 YSa 2F aclrOKYdzDRRONBARYSERSIj dzA £ A 0 NA |
perspective, the results reported in this paper only concern two special kinds of limitations.

In the first, the reported types cannot affect the messages that the mechanism sends to the

players, and in the second, the true types cannot affect the messages.
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